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RANKIN-SELBERG L-FUNCTIONS IN CYCLOTOMIC TOWERS, III
JEANINE VAN ORDER
Abstract. Let pi be a cuspidal automorphic representation of GL2 over a totally real number field F .
Assume that pi is non-dihedral, hence not induced from a Hecke character of a quadratic extension of F .
Let K be a totally imaginary quadratic extension of F . We estimate central values of the GL2 × GL2
Rankin-Selberg L-functions associated to pi times representations induced from Hecke characters of K which
are ramified only at a given prime ideal p of F . More specifically, we use spectral decompositions of shifted
convolution sums and relations to Fourier-Whittaker coefficients of metaplectic forms to obtain nonvanishing
estimates (averaging over ring class characters of a given exact order). When pi corresponds to a holomorphic
Hilbert modular form of arithmetic weight k ≥ 2, we then derive finer results from the rationality theorems
of Shimura, together with the existence of suitable p-adic L-functions. This allows us to generalize the
theorems of Rohrlich, Vatsal, and Cornut-Vatsal to this setting. Finally, in a self-contained appendix, we
explain how to use these results to deduce bounds for Mordell-Weil ranks of the associated GL2-type abelian
varieties via existing Iwasawa main conjecture divisibilities.
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1. Introduction
Let F be a totally real number field of degree d = [F : Q], integers OF , and adeles AF . Let π = ⊗vπv
be a cuspidal automorphic representation of GL2(AF ) with unitary central character ω = ωpi. Let K be a
totally imaginary quadratic extension of F having relative discriminant D = DK/F and associated idele class
character η = ηK/F of F . Let W be a finite-order Hecke character of K of the following type. We consider
W = ρχ◦N the product of a ring class character ρ of K times a character χ◦N arising via composition with
the norm homomorphism N = NK/Q : K → Q from some Dirichlet character χ. To be more precise, the
ring class character ρ is a character of the class group of the OF -order Oc = OF + cOK of some conductor
c ⊂ OF , and determines a finite-order character idele class character
1
ρ : C(Oc) := A
×
K/K
×
∞K
×Ô×c −→ S
1.
1991 Mathematics Subject Classification. Primary 11F67; Secondary 11F25, 11F41, 11R23.
1Composing with the reciprocity map of class field theory, such a character ρ factors through the Galois group of the ring
class field K[c] of conductor c over K, which is of generalized dihedral type over F , and moreover linearly disjoint over K to the
cyclotomic Zp-extension of K for any prime p. For this reason, such a character ρ is often said to be dihedral or anticyclotomic.
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Here, AK denotes adeles K, with A
×
K the ideles, K∞ = K ⊗Q C the archimedean component, and Ô
×
c
the units of the profinite completion of Oc. The character χ ◦N on the other hand factors through some
cyclotomic extension of K, and so we shall sometimes call it “cyclotomic”. To each such Hecke characterW
of K, we can associate the induced automorphic representation π(W) = ⊗vπ(W)v of GL2(AF ), and then
consider the corresponding GL2 ×GL2 Rankin-Selberg L-function
L(s, π ×W) = L(s, π × π(W)) =
∏
v∤∞
L(s, πv × π(W)v).
This degree-four L-function has a well-known analytic continuation thanks to Jacquet [16] and Jacquet-
Langlands [17]. Its completed L-function Λ(s, π × π(W)) = L∞(s)L(s, π × W) satisfies the functional
equation
Λ(s, π ×W) = ǫ(1/2, π ×W)Λ(1− s, π˜ ×W−1),(1)
where ǫ(1/2, π ×W) ∈ S1 is a complex number of modulus one known as the root number of L(s, π ×W).
Let us now fix a prime ideal p ⊂ OF with underlying rational prime p. We seek to determine how seldom
the values L(1/2, π ×W) = L(1/2, π × ρχ ◦N) vanish as (i) ρ varies over ring class characters of p-power
conductor and (ii) χ varies over Dirichlet characters of a given p-power conductor, particularly in the setting
where the root number ǫ(1/2, π ×W) is not real-valued (e.g. if χ has conductor pβ with β ≥ 1). We begin
by fixing a (nontrivial) primitive Dirichlet character χ mod pβ for some integer β ≥ 1. We then consider
the average over all ring class character ρ of a given conductor pα and exact order px (say) to address (i).
To address (ii), we consider specializations of our main estimate to the trivial class group character of K
when the absolute discriminant DK of K is sufficiently large; we can then use Artin formalism to derive a
generalization of Rohrlich’s cyclotomic nonvanishing theorem [33] for the central values L(1/2, π ⊗ χ ◦N)
when π corresponds to a holomorphic Hilbert modular form of weight k = (kj)
d
j=1 with each kj ≥ 2. This
latter result, as we explain, has various applications to p-adic L-functions constructions in the Iwasawa
theory literature, and has to date been treated as a standard (open) hypothesis.
To begin, we show the following purely analytic result. Essentially, we derive integral presentations for the
underlying averages as sums of specializations of Fourier-Whittaker coefficients of some other automorphic
forms on GL2(AF ) and its two-fold metaplectic cover. In fact, we develop a two-fold approach here: one via
approximation to non-constant Fourier-Whittaker coefficients of genuine automorphic forms on the two-fold
metaplectic cover of GL2(AF ) (following [35] and [40]), which allows us to use existing estimates for the
shifted convolution problem for coefficients of GL2(AF )-automorphic forms, and another via the derivation of
an exact integral presentation as a sum of specializations of the constant coefficient of a certain non-cuspidal
GL2(AF )-automorphic form constructed from π. The first approach can be used as input for the second,
although the second can be developed on its own if the absolute discriminant DK is sufficiently large. We
obtain the following nonvanishing estimates via this two-fold method. Given a Hecke character ξ of F , let
us write L(s, π⊗ ξ) denote the corresponding L-function on GL2(AF )×GL1(AF ). Let us also write 1 = 1K
to denote the trivial class group character of K.
Theorem 1.1 (Theorem 2.9, Corollary 2.10, Corollary 2.11). Let π be a cuspidal GL2(AF )-automorphic
representation of conductor c(π) ⊂ OF . Assume that π is not dihedral, in other words does not arise via
automorphic induction from a Hecke character of some quadratic extension of F . Fix a prime ideal p of OF
with underlying rational prime p. Let K/F be a totally imaginary quadratic extension of relative discrimi-
nant D = DK/F and associated idele class character η = ηK/F of F . Assume that (c(π),Dp) = (p,D) = 1.
(i) Fix a primitive Dirichlet character χ mod pβ for some integer β ≥ 1. Fix integers α ≥ 1 and
1 ≤ x ≤ dα. If x (and hence also α) is sufficiently large, then there exists a primitive ring class
character ρ of conductor pα and exact order px for which L(1/2, π × ρχ ◦N) does not vanish.
(ii) If the absolute discriminant DK = ND is sufficiently large, and the cyclotomic exponent β ≥ 1
is also sufficiently large, then there exists a primitive Dirichlet character χ mod pβ for which the
basechange central value L(1/2, π × π(1Kχ ◦N)) = L(1/2, π ⊗ ηχ ◦N)L(1/2, π ⊗ χ ◦N) does not
vanish. In particular, we deduce that if β is sufficiently large, then there exists a primitive Dirichlet
character χ mod pβ for which the degree-two central value L(1/2, π ⊗ χ ◦N) does not vanish.
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Remark We assume that the cuspidal GL2(AF )-automorphic representation π is non-dihedral for simplicity,
as the estimates of §2 would contain a separate main term in this situation (cf. [35, Theorem 1]).
Using this result as input, we then show the following refinements. First, we use the rationality theorem of
Shimura [27] to deduce the following generic nonvanishing properties, generalizing the well-known theorems
of Rohrlich [33], [32], [31], Vatsal [41], and Cornut-Vatsal [7].
Theorem 1.2 (Theorem 2.12). Let π be a cuspidal GL2(AF )-automorphic representation of conductor
c(π) ⊂ OF which corresponds to a holomorphic Hilbert modular form of weight k = (kj)
d
j=1 with each kj ≥ 2,
and which is non-dihedral. Fix a prime ideal p ⊂ OF with underlying rational prime p. Let K/F be a totally
imaginary quadratic extension of relative discriminant D = DK/F . Assume that (c(π),Dp) = (p,D) = 1.
Fix a primitive ring class character ρ of K of conductor pα for some integer α ≥ 0 of exact order px. Assume
that the Hecke field Q(π) of π is linearly disjoint over Q to the cyclotomic tower obtained by adjoining all
p-power roots of unity Q(ζp∞) =
⋃
n≥1Q(ζpn).
(i) Fix χ a primitive Dirichlet character modulo pβ for some integer β ≥ 1. Then for each sufficiently
large integer x ≤ dα, there exists a ring class character ρ of conductor pα and exact order px for
which the Galois average G[ρχ◦N](π) does not vanish, and so L(1/2, π ×W) = L(1/2, π × ρχ ◦N)
does not vanish for W = ρχ ◦N ranging over such Hecke characters taking values in roots of unity
of exact order lcm(pβ, px).
(ii) If the absolute discriminant DK is sufficiently large, then for all but finitely many primitive Dirichlet
characters χ of p-power conductor, L(1/2, π × 1K(χ ◦N)) = L(1/2, π ⊗ ηχ ◦N)L(1/2, π ⊗ χ ◦N)
does not vanish. In particular, for all but finitely many primitive Dirichlet characters χ of p-power
conductor, the central value L(1/2, π ⊗ χ ◦N) does not vanish.
Note that Theorem 1.1 (ii) and more specifically Theorem 2.12 (ii) imply the nontriviality of various one-
variable p-adic L-functions constructions, for instance those of Dabrowski [8], Dimitrov [9], Hida [14], Mok
[22], and Spiess [29], which had not been known before (even granted the theorems of Rohrlich [33] and [31]).
We can also derive the following less obvious nontriviality properties via the existence of suitable multivariable
p-adic L-functions, whose specializations we show to be nontrivial in some generic sense. Recall that a for a
fixed prime ideal p ⊂ OF with underlying rational prime p, a GL2(AF )-automorphic representation is said
to be p-ordinary if its Hecke eigenvalue at p is an algebraic number whose image under a fixed embedding
Q → Qp is a p-adic unit. Let K
(p)
∞ denote the compositum of the tower of all ring class extensions of K
of p-power conductor with the cyclotomic extension obtained by adjoining all p-power roots of unity to K.
Let G = Gal(K
(p)
∞ /K) denote its Galois group. Composing with the Artin reciprocity map, we may view
the idele class characters W of K described above as finite order characters factoring through G. Let us
henceforth view the Hecke characters we have considered above in this way. Let us also write Ω ≈ Zδp to
denote the Galois group of the anticyclotomic Zδp-extension of K, where δ = δp = [Fp : Qp] denotes the
residue degree of p, and Γ ≈ Z to denote the Galois group of the cyclotomic Zp-extension of K.
Theorem 1.3 (Theorem 3.7, cf. Corollary 3.4). Let π be a cuspidal GL2(AF )-automorphic representation
of conductor c(π) ⊂ OF which corresponds to a holomorphic Hilbert modular form of weight k = (kj)
d
j=1
with each kj ≥ 2, and which is non-dihedral. Fix a prime ideal p ⊂ OF with underlying rational prime p, and
assume that p is prime to c(π). Let K/F be a totally imaginary quadratic extension of relative discriminant
D prime to p. Assume that π is p-ordinary, that the conductor c(π) is prime to D, and that the residual
Galois representation associated to π by constructions of Carayol [4], Taylor [34], and Wiles [43] is absolutely
irreducible. Fix a character W0 of the torsion subgroup Gtors of G. There exists a minimal exponent α0 ≥ 0
such that for all characters ρw of Ω of exact order p
α with α ≥ α0, the central value L(1/2, π ×W0ρwψw)
does not vanish for any character ψw of the cyclotomic Galois group Γ ≈ Zp.
Finally, we derive the following arithmetical applications of these results in a self-contained appendix.
Namely, we use work of Xin Wan [42] on the Iwasawa main conjecture together with existing work on
anticyclomic main conjectures (e.g. [23]) to deduce the following arithmetic results subject to various standard
technical hypotheses. Let us state these briefly. Fix π a cuspidal GL2(AF )-automorphic representation
corresponding to a holomorphic Hilbert modular form of parallel weight two and trivial nebentype character.
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Writing Q(π) again to denote the Hecke field of π, let us assume (as is often known) that we can attach to
π an abelian variety A = Api defined over F such that (i) the dimension of A is equal to the degree of Q(π),
(ii) the ring of endomorphisms EndF (A) is given by the ring of integers OQ(pi) of π, and (iii) the Hasse-Weil
L-function L(s, A/F ) of A/F is given by that of π, in other words: L(s − 1/2, π) = (2/2π)Γ(s)L(s, A/F ).
Let us now assume that we can attach such an abelian variety A to π. Let K∞ denote the compositum of
the anticyclotomic Zδp-extension of K with the cyclotomic Zp-extension of K, where δ = [Fp : Qp] again
denotes the residue degree of p. Hence, the corresponding Galois group G = Gal(K∞/K) is isomorphic as a
topological group to Zδ+1p . We can then consider the Mordell-Weil group A(K∞) of K∞-rational points of A.
We can also consider the corresponding Tate-Shafarevich group X(A/K∞), or more precisely its p-primary
subgroup X(A/K∞)[p
∞]. We deduce the following new (albeit fragmentary) theorems for these groups,
subject to the various hypotheses in [42] (as summarized below) and our discussion of p-adic L-functions:
Theorem 1.4 (Theorem A.4). Let π be a non-dihedral cuspidal GL2(AF )-automorphic representation cor-
responding to a holomorphic Hilbert modular form of parallel weight two and trivial nebentype character.
Assume that π has associated to it an abelian variety A = Api as described above, and fix a prime p ≥ 5.
Assume the conditions of Hypothesis A.1 and Theorem A.2 below are met, that pOF does not divide the
conductor c(π), and that the Hecke field Q(π) is linearly disjoint over Q the cyclotomic tower obtained by
adjoining all p-power roots of unity Q(ζp∞). Let ρ = ρw be any ring class character of sufficiently large
conductor factoring through the Galois group G = Gal(K∞/K). These exists an integer β0(ρ) such that for
all characters ψ = ψw of the cyclotomic Galois group Γ = Gal(K
cyc/K) of exact order pβ with β ≥ β0(ρ),
the central value L(1/2, π × ρψ) does not vanish, and hence the corresponding ρψ-isotypical components of
both A(K∞) and X(A/K∞)[p
∞] are finite. Moreover, if the absolute discriminant DK is sufficiently large,
then this property holds for all ring class characters ρ = ρw factoring through G.
To state the second result in a concise way, let us also write ǫ = ǫ(1/2, A/K) to denote the sign in the
functional equation of the Hasse-Weil L-function L(s, A/K) of A over K.
Theorem 1.5 (Theorem A.5). Let π be a non-dihedral cuspidal GL2(AF )-automorphic representation cor-
responding to a holomorphic Hilbert modular form of parallel weight two and trivial nebentype character.
Assume that π has associated to it an abelian variety A = Api as described above. Assume additionally that
the following conditions hold: (1) if A acquires CM after basechange to some quadratic extension Kpi/F , then
this extension Kpi is not contained in K∞ when ǫ = +1, (2) the conductor c(π) is coprime to the relative
discriminant D of K/F when ǫ = −1, and (3) A has good ordinary reduction at all primes above p in F .
Finally, if the residue degree δ = [Fp : Qp] is greater than one, assume additionally that the conditions of
Theorems 2.12, 3.7, and A.2 below (including the vanishing of the anticyclotomic µ-invariant) hold, and
that the absolute discriminant DK is sufficiently large. Then, A(K∞) is finitely generated if ǫ = +1, and
otherwise A(K∞)/A(D∞) is finitely generated if ǫ = −1.
Acknowledgements. I am grateful to Valentin Blomer, Henri Darmon, Dorian Goldfeld, Ralph Greenberg,
Gergely Harcos, Philippe Michel, Djordje Milicevic, Peter Sarnak, Michael Spiess, and Otmar Venjakob for
helpful discussions on various aspects of this work.
2. Mean values
2.1. Some background. We first review some relevant background from the theory of Jacquet [16] and
Jacquet-Langlands [17] for the Rankin-Selberg L-functions we consider, together with bounds for shifted
convolution sums of (non-dihedral) cuspidal GL2(AF )-automorphic forms following [40], [35], and [3].
2.1.1. Rankin-Selberg L-functions. Fix a totally imaginary quadratic extension K/F of relative discriminant
D = DK/F and corresponding idele class character η = ηK/F of F . We shall also write DK = ND to denote
the absolute discriminant. Let W be a Hecke character of K, with π(W) = ⊗vπ(W)v the corresponding
induced GL2(AF )-automorphic representation. In other words, π(W) denotes the GL2(AF )-automorphic
representation generated by the Hilbert modular theta series θ(W) associated toW . We consider the Rankin-
Selberg L-function of π and π(W), whose Euler product over finite places as a function of s ∈ C with ℜ(s) > 1
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we express as
L(s, π ×W) = L(s, π × π(W)) =
∏
v∤∞
L(s, πv × π(W)v).
Here, for primes v not dividing the conductor c(π ×W) of L(s, π ×W), the local factor L(s, πv ×Wv) is
L(s, πv ×Wv) = det(I −Av ⊗BvNv
−s)−1,
where Av denotes the Satake parameter of πv and Bv that of π(W)v. For primes v where one of π or π(W) is
ramified, the local factor L(s, πv×π(W)v) takes the form of Pv(Nv
−s)−1 for Pv(x) a polynomial of degree at
most four such that Pv(0) = 1. Let us also write L(s, π∞ × π(W)∞) to denote the archimedean component
of this L-function, given by
L(s, π∞ × π(W)∞) = c(π ×W)
s
2
2∏
j=1
2∏
k=1
ΓF (s− µ∞(j)− ν∞(k)), for ΓF (s) :=
(
π−
s
2Γ
(s
2
))d
.
If W = ρ is a ring class character, or more generally if W = ρχ ◦ N with ρ a ring class character of
K and χ a primitive even Dirichlet character defined over Q (so that W is a wide ray class character),
then this archimedean local factor does not depend on the particular choice of W , and we shall then write
L∞(s) = L(s, π∞ × π(W)∞). In any case, the completed L-function
Λ(s, π ×W) = L(s, π ×W)L(s, π∞ × π(W)∞)
is entire unless π(W) ≈ π˜ ⊗ | · |t for some t ∈ R, in which case it is holomorphic except for simple poles at
s = 0 and 1. It satisfies the functional equation
Λ(s, π ×W) = ǫ(s, π ×W)Λ(1− s, π˜ ×W),
where
ǫ(s, π ×W) = ǫ(1/2, π ×W)c(π ×W)
1
2−s
denotes the ǫ-factor of Λ(s, π×W). Here, ǫ(1/2, π×W) is a complex number of modulus one known as the
root number. Note that this root number admits an Euler product decomposition
ǫ(1/2, π ×W) =
∏
v
ǫ(1/2, πv ×Wv, ψv) =
∏
v
ǫ(1/2, πv × π(W)v, ψv)(2)
(where the local Euler factors are defined with respect to any fixed choice of additive character ψ = ⊗vψv),
and can be given by a more explicit formula when we assume that the conductor c(π) is prime to that of
π(W) (see below). As well, we shall write
c(π ×W) = N(D4Kc(πK)c(W)
4)(3)
to denote the conductor of Λ(s, π ×W), where c(πK) denotes that of the basechange πK of π to GL2(AK),
and c(W) that of the Hecke characterW (viewed as an ideal of OK). We shall usually work with the square
root of this quantity Y = c(π ×W)
1
2 for our arguments below.
Relations to basechange L-functions. Note that the GL2(AF ) × GL2(AF ) Rankin-Selberg L-function
Λ(s, π×W) is equivalent to the GL2(AK)×GL1(AK) L-function given by Λ(s, πK ⊗W), where πK denotes
the basechange of π to GL2(AK), and L(s, πK ⊗W) the L-function of πK twisted by the Hecke characterW
of K. IfW = 1K is the trivial (class group) Hecke character of K, then we also have the Artin decomposition
Λ(s, πK × 1K) = Λ(s, π)Λ(s, π ⊗ η). In any case, the formula (3) for the conductor c(π ×W) is equivalent
to that of the conductor of the basechange L-function c(πK ⊗W), and we have taken the relevant formula
for the latter basechange conductor as described in [1, (16)] (cf. [31]).
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2.1.2. Root number formula. Let us now give an explicit formula for the root number (2) defined above
(see [21, 2.1], [1, Proposition 4.1]), although we shall not require this exact form for our arguments below.
We assume from now on that the Hecke characterW takes the form described above, so thatW = ρχ◦N for
ρ a primitive ring class character of K of some conductor c ⊂ OF , and χ is a primitive Dirichlet character
χ of some conductor q. Assume that cqOF is prime to the conductor c(π) of π, and also that c(π) is prime
to the relative discriminant D of K/F . Then, we have the formula
ǫ(1/2, π ×W) = ω(c(W))W|A×
F
(c(π))ǫ(1/2, π)ǫ(1/2,W)4
Here, ǫ(1/2, π) is the root number of L(s, π), which is defined in the analogous way with respect to the
functional equation Λ(s, π) = ǫ(s, π)Λ(s, π) of the completed L-function Λ(s, π) of L(s, π), and ǫ(1/2,W)
is that of the Hecke L-function L(s,W), which can be described more precisely as follows (see [31, (65)]).
Write d = dF to denote the different of F , and e the function e(x) = exp(2πix). Given a primitive Hecke
character ξ of F of conductor c(ξ) = q, the Gauss sum τ(ξ) of ξ is defined by
τ(ξ) =
∑
jmodNq
ξ(jOF )e
(
j∗
Nq
)
,
where j runs over representatives for the invertible classes modNq, and j∗ is determined uniquely as follows:
If
j ≡
∏
v|Nq
jvmodNq
with jv ≡ 1modNq/v for each prime divisor v of Nq, then
j∗ ≡
∑
v|Nq
jvNq/vmodNq.
The root number ǫ(1/2, ξ) of L(s, ξ) is then given by the formula
ǫ(1/2, ξ) = Nq−
1
2 ξ(d)τ(ξ) = Nq−
1
2ψ(d)
∑
jmodNq
ψ(jOF )e
(
j∗
q
)
.
Thus, given a Hecke character W of K of the form W = ρχ ◦ N, with ρ a ring class character of some
conductor c ⊂ OF and χ a primitive Dirichlet character of some conductor q, we have the following more
explicit formula for the root number:
ǫ(1/2, π ×W) = ǫ(1/2, π × ρχ ◦N) =
ω(cqOF )η(dc(π))χ
2 ◦N(dc(π))ǫ(1/2, π)τ(ηχ2 ◦N)4
N(DqOF )2
.(4)
2.1.3. Dirichlet series. We have the following equivalent Dirichlet series expansions for L(s, π ×W). The
first is given over nonzero ideals of the ring of integers OK (which are coprime to the conductor c(W) ⊂ OK):
For s ∈ C with ℜ(s) > 1, writing NK/F : K −→ F to denote the relative norm homomorphism, we have
L(s, π ×W) = L(s, πK ⊗W) =
∑
a 6={0}⊂OK
(a,c(W))=1
λ(NK/F (a))W(a)
Nas
.
On the other hand, taking W = ρχ ◦N as above, with ρ a ring class character of conductor c ⊂ OF and χ a
Dirichlet character of conductor q, we have the more precise expansion of L(s, π×W) as a GL2(AF )×GL2AF )
Rankin-Selberg L-function over ideals of OF : For ℜ(s) > 1,
L(s, π ×W) = L(s, π × ρχ ◦N) =
∑
m6={0}⊂OF
(m,Dc(pi)qOF )=1
ωη(m)χ2(Nm)
Nm2s
∑
n6={0}⊂OF
(n,cqOF )=1
λ(n)χ2(Nn)
Nns
 ∑
A∈C(O)
rA(n)ρ(A)
 .
(5)
Here, C(O) = C(Oc) is the class group of the OF -order Oc := OF + cOK of conductor c ⊂ OF in K, and
rA(n) the number of ideals in the class A whose image under the relative norm NK/F equals n ⊂ OF . We
shall lighten notation by omitting the coprimality conditions in the sums m 6= {0} ⊂ OF and n 6= {0} ⊂ OF .
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2.1.4. Partial symmetric square L-values. We now give a brief account of a certain partial symmetric square
L-function associated to π, following the description of [6, §1.1] and more generally [26]. Thus, we start
with π = ⊗πv a cuspidal GL2(AF )-automorphic representation of level c(π), and ξ = ⊗vξv = χ ◦ N a
Hecke character of F induced via composition with the norm homomorphism from a (primitive) Dirichlet
character χ. Let S denote the set of places of F where π and ξ are ramified. We shall consider the incomplete
L-function of the symmetric square of π times ξ, defined for s ∈ C (first with ℜ(s) > 1) by the Euler product
LS(s, Sym2 π ⊗ ξ) =
∏
v/∈S
L(s, Sym2 πv ⊗ ξv),
where the local Euler factors L(s, Sym2 πv⊗ ξv) are defined as follows. If v is a place where πv is unramified,
then there exist unramified quasicharacters µ1,v and µ2,v of GL2(Fv) such that πv arises from the induced
representation of the character µv = µ1,v ⊗ µ2,v of the torus Tv ⊂ GL2(Fv) of diagonal matrices. Fixing
a uniformizer ̟v of OFv , writing qv to denote the cardinality of the residue field at v, and writing Av to
denote the diagonal matrix diag(µ1,v, µ2,v), we then have
L(s, Sym2 πv ⊗ ξ) = det
(
I − Sym2(Av)ξv(̟v)q
−s
v
)−1
=
∏
1≤i≤j≤2
(
1− µi,vµj,vξv(̟v)q
−s
v
)−1
.
It is well-known that LS(s, Sym2 π ⊗ ξ) does not vanish at ℜ(s) = 1 (see [26, Theorem 1.1]). The work
of Goldfeld-Hoffstein-Lieman [11] on exceptional zeros in fact gives a lower bound for such L-values in the
classical setting. In general, as explained in [6, §1.1], one can derive individual upper and lower bounds for
L(s, Sym2 π⊗ξ) via the automorphy of Sym2 π (which is known thanks to Gelbart-Jacquet [10]). In particular,
the automorphy can be used to deduce individual upper bounds L(1, Sym2 π⊗ ξ)≪ε N(c(π)c(χ)
2)ε, as well
as individual lower bounds
LS(1, Sym2 π ⊗ ξ)≫
(
log(N(c(π)c(ξ)2))
)−C
(6)
for some constant C > 0. Note that the local Euler factors L(s, Sym2 πv ⊗ ξv) at places v | c(π) can be
defined in some ramified cases such as when the level c(π) is squarefree (so that πv ∼= χ
unr
v ⊗Stv), and we can
omit the superscript S in the discussion below. Finally, note that LS(s, Sym2 π ⊗ ξ) has (first for ℜ(s) > 1)
the Dirichlet series expansion
LS(s, Sym2 π ⊗ ξ) = LS(2s, ωξ2)
∑
n6={0}⊂OF
(n,S)=1
λpi⊗ξ(n
2)
Nns
=
∑
m⊂OF
(m,S)=1
ωξ2(m)
Nm2s
∑
n6={0}⊂OF
(n,S)=1
λ(n2)ξ(n2)
Nns
.
We shall often consider the partial Dirichlet series expansion corresponding to principal ideals n = (a) ⊂ OF ,
LS1 (s, Sym
2 π ⊗ ξ) = LS1 (2s, ωξ
2)
∑
a6=0∈OF
(a,S)=1
λpi⊗ξ(a
2)
Nas
=
∑
b6=0∈OF
(b,S)=1
ωξ2(b)
Nb2s
∑
a6=0∈OF
(a,S)=1
λ(a2)ξ(a2)
Nas
,
where we write b = (b) and a = (a) to lighten notations. Although it does not generally admit an Euler
product (unless F has class number one), this partial Dirichlet series has the same analytic properties as the
sum over classes LS(s, Sym2 π ⊗ ξ), from which we deduce that it does not vanish at s = 1.
2.1.5. Shifted convolution sums for cuspidal GL2(AF )-automorphic forms. We now record the following
result, whose proof if given in [40] by developing the spectral approach to the shifted convolution problem
given in Templier-Tsimerman [35, Theorem 1] to the setting of totally real fields. We make use of this in
our subsequent arguments, but do not require it if the absolute discriminant DK of K is sufficiently large.
Theorem 2.1. Let π = ⊗πv be any cuspidal GL2(AF ) automorphic representation. Let W be any smooth
function on R>0 subject to the decay condition W
(i) ≪ 1 for all integers i ≥ 0. Let q ∈ OF be any nonzero
F -integer. Assume that π is not dihedral, in other words that π does not arise as the automorphic induction
of a Hecke character of some quadratic extension of F . For any choice of positive real number Y with
Y ≫ Nq and any choice of ε > 0, we have the uniform upper bound∑
γ∈F×
λ(γ2 + q)
N(γ2 + q)
V
(
N(γ2 + q)
Y
)
≪pi,ε Y
1
4Nqδ0−
1
2
(
Nq
Y
) 1
2−
θ0
2 −ε
.
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Here, 0 ≤ θ0 ≤ 1/2 denotes the best known approximation towards the generalized Ramanujan conjecture for
arbitrary GL2(AF )-automorphic forms, so that θ0 = 7/64 is admissible by the theorem of Blomer-Brumley
[2]. On the other hand, 0 ≤ δ0 ≤ 1/4 denotes the best exponent in the bound for Fourier coefficients of
automorphic forms on the metaplectic cover of GL2(AF ), which by theorems of Kohnen-Zagier (for F = Q)
and Baruch-Mao (for any F ) is equivalent to the best known approximation towards the generalized Lindelo¨f
hypothesis for GL2(AF )-automorphic forms in the level aspect. Hence (taking θ0 = 7/64), δ0 = 103/512 is
admissible by the theorem of Blomer-Harcos [3, Corollary 1].
We sketch the proof for the convenience of the reader, referring to [40, Proposition 2.9, Theorem 2.10]
(cf. [35, (5.7), §6]) for details. Let Q denote the F -rational quadratic form defined by Q(γ) = γ2. Let θQ
denote the corresponding half-integral weight theta series, viewed as an automorphic form on the metaplectic
cover G(AF ) of GL2(AF ). Let ψ = ⊗ψv denote the standard additive character on AF /F . Hence, ψ is
trivial on F , agrees with the function x = (xj)
d
j=1 7→ exp(2πi(x1 + · · ·xd)) on the archimedean component
F∞ = F ⊗Q R of AF , and each finite place v is trivial on the local inverse different d
−1
F,v but nontrivial on
v−1d−1F,v. Using the surjectivity of the archimedean Kirillov map, we can find a vector φ in the representation
space Vpi of π such that the sum in question has an integral presentation at the Fourier-Whittaker of the
automorphic form φθQ at q. To be more precise, the sum
S(V ) :=
∑
γ∈F×
λ(γ2 + q)
N(γ2 + q)
V
(
N(γ2 + q)
Y
)
=
∑
γ∈OF
γ 6=0
λ(γ2 + q)
N(γ2 + q)
V
(
N(γ2 + q)
Y
)
has the integral presentation
Y −
1
4S(V ) =
∫
AF /F
φθQ
((
1
Y x
0 1
))
ψ(−qx)dx.
Here, x ∈ AF denotes a generic adele, and
1
Y is viewed as an archimedean idele of F , i.e. having trivial
components at the nonarchimedean places. That is, we fix a vector y∞ = (y∞,j) ∈ F
×
∞ ≈ (R
d)× whose norm
Ny∞ =
∏d
j=1 y∞,j is equal to
1
Y , then use the symbol
1
Y to denote the corresponding idele. Now, since φθQ
determines a genuine non-residual cuspidal automorphic form of G(AF ), we can decompose it spectrally in
terms of a basis of such cusp forms {fi}i for the corresponding Hilbert space of genuine L
2-automorphic
forms L2(GL2(F )\G(AF ), ξ) of matching unitary central character ξ = ωpiωθ,
φθQ =
∑
i
cifi + (continuous).
It is easy to show that this latter expression is bounded uniformly in the Sobolev norm topology for
L2(G(AF )) (cf. [35, Lemma 6.1] and [40, Lemma 2.7]) Consequently, the integral∫
AF /F
∑
i
cifi
((
1
Y x
0 1
))
ψ(−qx)dx
can be bounded uniformly in modulus for any choice of ε > 0 by the quantity
≪pi,ε Nq
δ0−
1
2
(
Nq
Y
) 1
2−
θ0
2 −ε
(cf. [40, Proposition 2.9] with [35, (6.16)]).
2.2. Approximate functional equations. Let us for ℜ(s) > 1 write the expansion (5) of L(s, π ×W) as
L(s, π ×W) =
∑
m 6={0}⊂OF
ωη(m)χ2(Nm)
Nm2s
∑
n6={0}⊂OF
λ(n)χ(Nn)
Nns
 ∑
A∈C(O)
rA(n)ρ(A)
 .
We now derive a suitable presentation for the L-function L(s, π × W) at s = 1/2, outside of the range of
absolute convergence ℜ(s) > 1 via the following standard contour argument. Let us fix a holomorphic test
function k on C such that k(s) is even and bounded in vertical strips. In the event that the generalized
Ramanujan conjecture at the real place (i.e. the claim that maxj(µ∞(j)) = 0) is not known or assumed for
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our fixed cuspidal GL2(AF )-automorphic representation π, then let us also assume that k is chosen so that
k(µ∞(j)) = 0 for each 1 ≤ j ≤ d (to avoid poles in the critical strip). Fixing such a test function k, we then
define cutoff functions Vj(y) ∈ C∞(R>0) for j = 1, 2 by the contour integrals
V1(y) =
∫
ℜ(s)=2
k(s)
s
γ∞(s+ 1/2)
γ∞(1/2)
y−s
ds
2πi
and V2(y) =
∫
ℜ(s)=2
k(s)
s
γ˜∞(s+ 1/2)
γ∞(1/2)
y−s
ds
2πi
.
Here,
γ∞(s) =
2∏
j=1
2∏
k=1
ΓF (s− µ∞(j)− ν∞(k))
is the product of gamma factors in the definition of the archimedean component L(s, π∞ × π(W)∞), and
γ˜∞(s) =
2∏
j=1
2∏
k=1
ΓF (s− µ∞(j)− ν∞(k))
that in the definition of the corresponding contragredient archimedean factor L(s, π˜∞ × π(W
−1)∞).
Lemma 2.2. Let W = ρχ ◦N be a Hecke character of the form described above, and Y = c(π ×W)
1
2 to
denote the square root of the corresponding conductor of L(s, π ×W). Then, we have the formula
L(1/2, π ×W) =
∑
m⊂OF
m6={0}
ωη(m)χ2(Nm)
Nm
∑
n⊂OF
n6={0}
λ(n)χ(Nn)
Nn
1
2
 ∑
A∈C(O)
rA(n)ρ(A)
 V1(Nm2Nn
Y
)
+ ǫ(1/2, π × ρχ ◦N)
∑
m⊂OF
m6={0}
ωη(m)χ2(Nm)
Nm
∑
n⊂OF
n6={0}
λ(n)χ(Nn)
Nn
1
2
 ∑
A∈C(O)
rA(n)ρ(A)
 V2(Nm2Nn
Y
)
.
Proof. The proof is a standard contour argument (see e.g. [15, §5.2]). In brief, consider the contour integral∫
ℜ(s)=2
Λ(s+ 1/2, π ×W)
γ∞(1/2)
k(s)
s
ds
2πi
.
Shifting the range of integration to ℜ(s) = −2, we cross a simple pole at s = 0 of residue L(1/2, π×W). To
evaluate the remaining integral ∫
ℜ(s)=−2
Λ(s+ 1/2, π ×W)
γ∞(1/2)
k(s)
s
ds
2πi
,
we apply the functional equation Λ(s, π×W) = ǫ(1/2, π×W)Λ(1−s, π˜×W−1). Expanding out the absolutely
convergent Dirichlet series then gives the stated formula. 
It also easy to show that the cutoff function V decays rapidly:
Lemma 2.3. Each of the cutoff function Vj defined above is bounded as follows:
Vj(y) =
{
O(y
1
2 ) if 0 ≤ y ≤ 1
OC(y
−C) for any constant C > 0 if y ≥ 1.
Proof. This is also standard (see e.g. [15, Proposition 5.4]). In brief, one shifts the contour in the definition
of Vj(y) rightward to obtain the behaviour as y →∞, and leftward to obtain the behaviour as y → 0. 
2.3. Ring class characters of a given exact order. Let us now fix a prime ideal p ⊂ OF with underlying
rational prime p. We assume that (c(π),Dp) = (D, p) = 1. Fix an integer α ≥ 0, together with a primitive
Dirichlet character χ of conductor pβ for some integer β ≥ 1. We shall us lighten notation by writing C(α)
to denote the class group C(Opα) of the OF -order Opα = OF + p
αOK of conductor p
α in OK , with C(α)
∨
to denote its character group. Given an integer 0 ≤ x ≤ dα, we consider the primitive ring class characters ρ
of exact order px of C(α). It is well-known (see e.g. [15, §3.1]) that such characters detect the px-th powers
C(α)p
x
=
{
Ap
x
: A ∈ C(α)
}
,
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in that we have the orthogonality relation∑
ρ∈C(α)∨
ρp
x
=1
ρ(A) =
{
[C(α) : C(α)p
x
] if A ∈ C(α)p
x
0 otherwise.
(7)
We shall consider the corresponding average over ring class characters of C(α) of exact order px,
Gα(π, χ;x) =
1
[C(α) : C(α)px ]
∑
ρ∈C(α)∨
ρp
x
=1
L(1/2, π × ρχ ◦N).
Recall that we write Y = c(π × ρχ ◦N)
1
2 . Given A ∈ G(α), let us also define
DA,j(π, χ) =
∑
m⊆OF
m6={0}
ηω(m)χ2(Nm)
Nm
∑
n⊂OF
n6={0}
λ(n)χ(Nn)rA(n)
Nn
1
2
Vj
(
N(m2n)
Y
)
.(8)
Lemma 2.4. Fix prime p ⊂ OF for which (c(π),Dp) = (D, p) = 1. Fix an integer α ≥ 1, together with
another integer 1 ≤ x ≤ αd and a primitive Dirichlet character χ of conductor pβ for some integer β ≥ 1.
Then, the corresponding average Gα(π, χ;x) over ring class characters of exact order p
x is given by
1
[C(α) : C(α)px ]
∑
A∈C(α)px
(
DA,1(π, χ) +
ω(pαpβOF )η(dc(π))χ
2 ◦N(dc(π))ǫ(1/2, π)τ(ηχ2 ◦N)4
N(DpβOF )2
DA,2(π˜, χ
−1)
)
.
Proof. It is easy to see from Lemma 2.2 that we have the decomposition Gα(π, χ;x) =
∑
1+
∑
2, where∑
1
=
1
[C(α) : C(α)px ]
∑
ρ∈C(α)∨
ρp
x
=1
∑
m⊂OF
m6={0}
ωη(m)χ2(Nm)
Nm
∑
n⊂OF
n6={0}
λ(n)χ(Nn)rA(n)
Nn
1
2
V1
(
N(m2n)
Y
)
and ∑
2
=
ǫ(1/2, π × ρχ ◦N)
[C(α) : C(α)px ]
∑
ρ∈C(α)∨
ρp
x
=1
∑
m⊂OF
m6={0}
ωη(m)χ2(Nm)
Nm
∑
n⊂OF
n6={0}
λ(n)χ(Nn)rA(n)
Nn
1
2
V2
(
N(m2n)
Y
)
.
Here, we have used the relation (7) to evaluate the average, and implicitly that the root number
ǫ(1/2, π × ρχ ◦N) =
ω(pαpβOF )η(dc(π))χ
2 ◦N(dc(π))ǫ(1/2, π)τ(ηχ2 ◦N)4
N(DpβOF )2
is seen easily to be stable for the average (cf. the analogous discussion in [32]). 
Our strategy is to estimate each of the series DA,j(π, χ) by opening up the counting function rA(n) as
follows. Given a class A ∈ C(α), let us write fA to denote the F -rational binary quadratic form associated
to to the relative norm homomorphism NK/F : K → F for ideals in the class A. Hence, rA(n) counts the
number of representations of the integral ideal n ⊂ OF by fA, up to the number of automorphs wK , and we
can open up sums to write
DA,j(π, χ) =
1
wK
∑
m⊂OF
m6={0}
ηω(m)χ2(Nm)
Nm
∑
a,b∈OF
fA(a,b)6=0
λ(fA(a, b))χ(NfA(x, y))
NfA(a, b)
1
2
Vj
(
N(m2fA(a, b))
Y
)
.(9)
Remark Notice that we could also write this out more explicitly after fixing an integral representative
a ⊂ Opα so that A = [a], and then fixing an OF -basis [1, dA] of a. That is, putting DA = d
2
A 6= 0 ∈ OF , we
could parametrize the counting function rA(n) equivalently as the pairs of F -integers a, b for which we have
NK/F (a+ bdA) = a
2 − b2DA = n:
rA(n) =
1
wK
·#
{
a, b ∈ OF : a
2 − b2DA = n
}
.
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Expanding out in terms of this parametrization, the sum DA(π, χ) is then given equivalently by
DA,j(π, χ) =
1
wK
∑
m 6={0}⊆OF
ηω(m)χ2(Nm)
Nm
∑
a,b∈OF
a2−b2DA 6=0
λ(a2 − b2DA)χ(N(a
2 − b2DA))
N(a2 − b2DA)
1
2
Vj
(
N(m2(a2 − b2DA))
Y
)
.
(10)
Now, to estimate these sums DA(π, χ) (and then Gα(π, χ;x)), we shall compute the contributions from
b = 0 and b 6= 0 in the expansion (9) separately. The former contributions give us a canonical choice of
leading residue term, with the latter contributions being bounded using Theorem 2.1 above.
Lemma 2.5. Keep the setup of Lemma 2.4 above, fixing a class A ∈ G(α). The b = 0 contributions in the
expansion (9) of DA,j(π, χ) can be estimated as follows: For any choice of constant C > 0, we have that
1
wK
· L(1, ωηχ2 ◦N) ·
L1(1, Sym
2 π ⊗ χ ◦N)
L1(2, ωχ2 ◦N)
+OC
(
Y −C
)
.
Proof. See [40, Lemma 3.9]. Assume for simplicity that j = 1, the case of j = 2 being completely analogous.
Expanding out the sum and opening up the function V1, we find that
1
wK
∑
m⊂OF
m6={0}
ηω(m)χ2(Nm)
Nm
∑
a∈OF
a6=0
λ(a2)χ(Na2)
Na
V1
(
Nm2Na2
Y
)
=
1
wK
∫
ℜ(s)=2
∑
m⊂OF
m6={0}
ηω(m)χ2(Nm)
Nm2s+2
∑
a∈OF
a6=0
λ(a2)χ(Na2)
Nas+1
Y s
(
k(s)
s
γ∞(s+ 1/2)
γ∞(s)
)
ds
2πi
=
1
wK
∫
ℜ(s)=2
L(2s+ 2, ωηχ2 ◦N) ·
L1(1 + s, Sym
2 π ⊗ χ ◦N)
L1(2 + 2s, ωχ2 ◦N)
Y s
(
k(s)
s
γ∞(s+ 1/2)
γ∞(s)
)
ds
2πi
.
Shifting the line of integration to ℜ(s) = −2, we cross a simple pole at s = 0 of residue
1
wK
· L(1, ωηχ2 ◦N) ·
L1(1, Sym
2 π ⊗ χ ◦N)
L1(2, ωχ2 ◦N)
.
The remaining integral is then seen easily to be bounded as OC(Y
−C) for any choice of constant C > 0 by
using Stirling’s approximation formula together the well-known analytic properties of Dirichlet, Hecke, and
symmetric square L-functions in their regions of absolute convergence. 
It remains to estimate the contribution from the b 6= 0 terms in DA,j(π, χ) for each class A ∈ C(α)
px .
Observe that by the decay properties of the function V , it will do to bound the truncated sum defined by
D†A,j(π, χ) =
∑
m⊂OF
m6={0}
ηω(m)χ2(Nm)
Nm
∑
a,b∈OF
Nm2NfA(0,b)≤Y
λ(fA(a, b))χ(NfA(x, y))
NfA(a, b)
1
2
Vj
(
N(m2fA(a, b))
Y
)
.(11)
That is, the condition in the second sum is a priori the stronger condition thatNm2NfA(a, b) ≤ Y . However,
as we shall see, there is extra cancellation to detect by considering the entire sum over a ∈ OF corresponding
to each pair (m, b) in this expression. To derive bounds (following [40], [35], and [3]) in this way, we must first
say a few more words about integral presentations via Fourier-Whittaker expansions of forms on GL2(AF )
and its metaplectic cover. We refer to [40, Proposition 2.3, Proposition 2.6 (i), and Theorem 3.11] for more
background, although the argument given below is self-contained.
Recall that we write ψ = ⊗ψv to denote the standard additive character onAF /F . Let us lighten notation
by writing ξ = ⊗vξ to denote the idele class character determined by the composition χ ◦ N. Viewed as
a cuspidal GL2(AF )-automorphic form, a decomposable new vector φ ∈ Vpi⊗ξ has the following Fourier-
Whittaker expansion: Given x ∈ AF an adele, and y = yfy∞ ∈ A
×
F an idele split into its finite and infinite
components as yf ∈ A
×
F,f and y∞ ∈ F
×
∞ respectively, φ has the expansion
φ
((
y x
0 1
))
= ρφ(OF )
∑
γ∈F×
λpi⊗ξ(γyf)
N(γyf )
1
2
Wφ(γy∞)ψ(γx) = ρφ(OF )
∑
γ∈F×
λpi(γyf )ξ(γyf )
N(γyf)
1
2
Wφ(γy∞)ψ(γx).
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Here, ρφ(OF ) 6= 0 is the coefficient at OF of φ (see [3, §2.5]), and Wφ(y∞) is defined as a function of
an archimedean idele y∞ ∈ F
×
∞ by specialization of the Whittaker function Wφ to the diagonal matrix(
y∞
1
)
:
Wφ(y∞) =Wφ
((
y∞
1
))
:=
∫
AF /F
φ
((
1 x
1
)(
y∞
1
))
ψ(−x)dx.
Now, this function Wφ(y∞) can be chosen with a large degree of freedom thanks to the surjectivity of the
archimedean Kirillov map φ 7→ Vpi (see [40, Proposition 2.3], [3, (37), Lemma 3], and [35, Proposition 2.1]).
To be more precise, given W ∈ L2(F×∞) any smooth and sufficiently rapidly decaying function, there exists
a new vector φ ∈ Vpi⊗ξ for which Wφ(y∞) = W (y∞). In fact, using a standard smooth partition of unity
argument, the rapid decay requirement can be loosened to include any smooth and summable function W .
Using this key property, we derive the following integral presentations for the a-sums corresponding to each
F -integer b in the truncated sum (11), as well as for the average DA,j(π, χ) itself. To describe the first
presentation, recall that we consider the metaplectic theta series θQ corresponding to the quadratic form
Q(x) = x2 (attached to a modular form of half-integral weight). Viewed as a genuine automorphic form on
the metaplectic cover of GL2(AF ), θQ has the Fourier-Whittaker expansion
θQ
((
y x
0 1
))
= |y|
1
4
∑
γ∈F
ψ(Q(γ)(x+ iy)),
where |y| denotes the idele norm of y. Given a class A ∈ C(α) as above with corresponding binary quadratic
form fA, let us also consider its binary theta series θA = θfA . Viewed as an automorphic form on GL2(AF )
(which corresponds to a Hilbert modular form of parallel weight one), θA has the Fourier-Whittaker expansion
θA
((
y x
0 1
))
= |y|
1
2
1
wK
∑
γ1,γ2∈F
ψ(fA(γ1, γ2)(x + iy)).
Lemma 2.6. We have the following integral presentations for D†A,j(π, χ) and DA,j(π, χ). Put ξ = χ ◦N.
Fix Y ∈ R>0. Let Y∞ = (Y∞,j)
d
j=1 ∈ F∞× be any archimedean idele whose norm |Y∞| = NY∞ equals Y .
(i) Given any nonzero F -integer b in the finite sum defining (11), expanded out in terms of a fixed basis as
in (10), choose φb = φb,j ∈ Vpi⊗ξ so that Wφb(y∞) = ψ(−iy∞)Vj(Ny∞)ψ(i ·
b2DA
Y∞
) for any y∞ ∈ F
×
∞. Then,
Y
1
4
∫
AF /F
φbθQ
((
1
Y∞
x
0 1
))
ψ(−b2DAx)dx = ρφb(OF )
∑
a,b∈OF
a2−b2DA 6=0
λpi⊗ξ(a
2 − b2DA)
N(a2 − b2DA)
1
2
Vj
(
N(a2 − b2DA)
Y
)
.
(ii) Choose φ = φj ∈ Vpi⊗ξ so that Wφ(y∞) = ψ(−iy∞)V (Ny∞) for any y∞ ∈ F
×
∞. Then,
Y
1
2
∫
AF /F
φθA
((
1
Y∞
x
0 1
))
dx =
ρφ(OF )
wK
∑
a,b∈OF
fA(a,b)6=0
λpi⊗ξ(fA(a, b))
NfA(a, b)
1
2
Vj
(
NfA(a, b)
Y
)
.
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Proof. Both claims are easy exercises with orthogonality of additive characters on the compact abelian group
AF /F (whose characters are parametrized by x 7→ ψ(αx) with α ∈ F varying). For (i), we have that∫
AF /F
φbθQ
((
1
Y∞
x
0 1
))
ψ(−b2DAx)dx =
∫
AF /F
φb
((
1
Y∞
x
0 1
))
θQ
((
1
Y∞
x
0 1
))
ψ(−b2DAx)dx
= Y −
1
4 ρφb(OF )
∫
AF /F
∑
γ1∈F×
λpi⊗ξ(γ1)
Nγ
1
2
1
Wφ(γ1y∞)ψ(γ1x)
∑
γ2∈F
ψ
(
i ·
Q(γ2)
Y∞
)
ψ(−Q(γ2)x)ψ(−b
2DAx)dx
= Y −
1
4 ρφb(OF )
∑
γ1∈F×
λpi⊗ξ(γ1)
Nγ
1
2
1
Wφ(γ1y∞)
∑
γ2∈F
ψ
(
i ·
Q(γ2)
Y∞
)∫
AF /F
ψ(γ1x−Q(γ2)x− b
2DAx)dx
= Y −
1
4 ρφb(OF )
∑
γ∈F
Q(γ)−b2DA 6=0
λpi⊗ξ(Q(γ)− b
2DA)
N(Q(γ)− b2DA)
1
2
Wφ
(
N(Q(γ)− b2DA)
Y
)
ψ
(
i ·
Q(γ)
Y∞
)
= Y −
1
4 ρφb(OF )
∑
γ∈F
Q(γ)−b2DA 6=0
λpi⊗ξ(Q(γ)− b
2DA)
N(Q(γ)− b2DA)
1
2
Vj
(
N(Q(γ)− b2DA)
Y
)
= Y −
1
4 ρφb(OF )
∑
a∈OF
a2−b2DA 6=0
λpi(a
2 − b2DA)χ(N(a
2 − b2DA))
N(a2 − b2DA)
1
2
Vj
(
N(a2 − b2DA)
Y
)
.
For (ii), we have that∫
AF /F
φθA
((
1
Y∞
x
0 1
))
dx =
∫
AF /F
φ
((
1
Y∞
x
0 1
))
θA
((
1
Y∞
x
0 1
))
dx
= Y −
1
2
ρφ(OF )
wK
∫
AF /F
∑
γ1∈F×
λpi⊗ξ(γ1)
Nγ
1
2
1
Wφ(γ1y∞)ψ(γ1x)
∑
γ2,γ3∈F
ψ
(
i ·
fA(γ2, γ3)
Y∞
)
ψ(−fA(γ2, γ3)x)dx
= Y −
1
2
ρφ(OF )
wK
∑
γ1∈F×
λpi⊗ξ(γ1)
Nγ
1
2
1
Wφ(γ1y∞)
∑
γ2,γ3∈F
ψ
(
i ·
fA(γ2, γ3)
Y∞
)∫
AF /F
ψ(γ1x− fA(γ2, γ3)x)dx
= Y −
1
2
ρφ(OF )
wK
∑
γ1,γ2∈F
fA(γ1,γ2)6=0
λpi⊗ξ(fA(γ1, γ2))
NfA(γ1, γ2)
1
2
Y −
1
2Wφ
(
NfA(γ1, γ2)
Y
)
ψ
(
i ·
fA(γ1, γ2)
Y∞
)
= Y −
1
2
ρφ(OF )
wK
∑
γ1,γ2∈F
fA(γ1,γ2)6=0
λpi⊗ξ(fA(γ1, γ2))
NfA(γ1, γ2)
1
2
Vj
(
NfA(γ1, γ2)
Y
)
= Y −
1
2
ρφ(OF )
wK
∑
a,b∈OF
fA(a,b)6=0
λpi(fA(a, b))χ(NfA(a, b))
NfA(a, b)
1
2
Vj
(
NfA(a, b)
Y
)
.

Corollary 2.7. Given a nonzero integral ideal m ⊂ OF , let us also write m to denote the corresponding idele
m ∈ A×F,f with idele norm |m| = Nm. Choosing vectors φb,j , φj ∈ Vpi⊗ξ as in Lemma 2.6 above, and writing
Y = c(π × ρχ ◦N)
1
2 again to denote the square root of the conductor, we have the integral presentations
ρφb,j (OF )D
†
A,j(π, χ) = Y
1
4
∑
m⊂OF
m6={0}
ωη(m)χ2(Nm)
Nm
3
2
∑
b∈OF ,b6=0
Nm2Nb2≤ Y
NDA
∫
AF /F
φb,jθQ
((
m2
Y∞
x
0 1
))
ψ(−b2DAx)dx
(12)
and
ρφ(OF )DA,j(π, χ) = Y
1
2
∑
m⊂OF
m6={0}
ωη(m)χ2(Nm)
Nm2
∫
AF /F
φjθA
((
m2
Y∞
x
0 1
))
dx.(13)
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Proof. Both formulae follow from easy substitutions of the presentations of Proposition 2.6 into the definitions
of D†A,j(π, χ) (expanded out in terms of a fixed basis as in (10)) and DA,j(π, χ) respectively. 
Observe that the integral presentation (12) allows us to view each of the finite sums D†A,j(π, χ) as a
finite sum of non-constant Fourier-Whittaker coefficients of the genuine automorphic forms φb,jθQ on the
metaplectic cover of GL2(AF ), and hence to use the estimate of Theorem 2.1 above (see [40], [35], [3]) to
derive bounds. On the other hand, the integral presentation (13) allows us to view the entire sum DA,j(π, χ)
as the constant Fourier-Whittaker coefficient of the GL2(AF )-automorphic form defined by the product
φjθA. We use these facts to derive the following key result:
Theorem 2.8. Let π be any cuspidal GL2(AF )-automorphic form of level c(π) and central character ω.
Assume that π is non-dihedral, in other words not induced from some Hecke character of some quadratic
extension of F . Let K/F a totally imaginary quadratic extension of absolute discriminant DK = ND, and
p ⊂ OF a fixed prime ideal with underlying rational prime p. We assume that (c(π),Dp) = (D, p) = 1.
Let W = ρχ2 ◦N be a Hecke character of K with ring class component ρ of conductor pα for some integer
α ≥ 0, and cyclotomic component ξ = χ ◦ N induced from a primitive Dirichlet character χ mod pβ for
some integer β ≥ 1. We have the following estimates for the sums D†A,j(π, χ) and DA,j(π, χ), for any class
A ∈ C(α) = C(Opα):
(i) We have for any choice of ε > 0 the upper bound
D†A,j(π, χ)≪ε,pi⊗ξ,F D
− 25512+ε
K
(
Nc(π)p2d(β+α)
) 231
512+ε
.
Hence if DK ≫ p
2α (for instance if α = 0), then DA(π, χ) converges to a nonzero constant as DK →∞.
(ii) Writing Y = c(π ×W)
1
2 = DKNc(π)p
2d(α+β) again, there exists a constant κ > 0 such that for Y ≫ 1,
DA,j(π, χ) =
ρφj (OF )
wK
· L(1, ωηχ2 ◦N) ·
L1(1, Sym
2 π ⊗ χ ◦N)
L1(2, ωχ2 ◦N)
+O
(
Y −κ
)
.
Here, the error term depends on the conductor c(π)c(ξ)2 = c(π)p2βOF of π ⊗ ξ = π ⊗ (χ ◦ N) unless we
assume that the absolute discriminant DK of K is sufficiently large.
Proof. Let us start with (i), again writing Y = c(π ×W)
1
2 = DKNc(π)p
2d(α+β). Recall from Theorem 2.1
that 0 ≤ θ0 ≤ 1/2 denotes the best known approximation towards the generalized Ramanujan conjecture
for GL2(AF )-automorphic forms, with θ0 = 7/64 admissible by [2], and 0 ≤ δ0 ≤ 1/4 that towards the
generalized Lindelo¨f hypothesis for GL2(AF )-automorphic forms in the level aspect, with δ0 = 103/512
admissible by [3, Corollary 1] (using θ0 = 7/64). Theorem 2.1 allows us to bound each b-sum in (12) as
Y
1
4
∫
AF /F
φb,jθQ
((
m2
Y∞
x
0 1
))
ψ(−b2DAx)dx≪pi⊗ξ,ε Y
1
4N(b2DA)
δ0−
1
2
(
Nm2N(b2DA)
Y
) 1
2−
θ0
2 +ε
.
Hence, via the integral presentation (12), we derive the upper bound
D†A,j(π, χ)≪pi⊗ξ,ε Y
θ0
2 −
1
4+εD
δ0−
θ0
2 −ε
K
∑
m⊂OF
m6={0}
1
Nm
1
2+θ0
∑
b∈OF ,b6=0
NmNb≤
(
Y
DK
) 1
2
Nb2(δ0−
θ0
2 ),
which after counting the pairs (m, b) in the sum as lattice points under the hyperbola xy = (Y/DK)
1
2 gives
D†A,j(π, χ)≪pi⊗ξ,ε,F Y
θ0
2 −
1
4+εD
δ0−
θ0
2 −ε
K
(
Y
DK
) 1
2+(δ0−
θ0
2 )+ε
≪ Y
1
4+δ0+εD
− 12
K .(14)
The stated bound follows by expanding out the square root of conductor term Y , and taking δ0 = 103/512.
The stated asymptotic for DA(π, χ) then follows from the estimate for the b = 0 terms given in Lemma 2.5.
Let us now consider the second claim (ii). Here, we propose to deal with the ramified setting where
p2d(α+β) ≫ DK via the integral presentation (13) of the full sum DA,j(π, χ) in terms of the constant
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coefficient ρφjθA,0 in the expansion of φjθA. To be clear (cf. [3, §2.5]), we can write the expansion of φjθA
for any adele x ∈ AF and idele y = yfy∞ ∈ A
×
F as
φjθA
((
y x
0 1
))
= ρφjθA,0(y) +
∑
γ∈F×
ρφjθA(γyf )WφjθA(γy∞)ψ(γx).
Here, the constant coefficient as a function of an idele y = yfy∞ ∈ A
×
F has the expansion
ρφjθA,0(y) = |y|
1
2
ρφj (OF )
wK
∑
a,b∈OF
fA(a,b)6=0
λpi⊗ξ(yffA(a, b))
N(yffA(a, b))
1
2
Vj (N(fA(a, b)y∞)) .(15)
We now estimate these coefficients ρφj ,θA,0 as functions of y∞ ∈ F
×
∞. Here, there are two ways to proceed.
For the first, we use the estimate of (14) above together with that of Lemma 2.5 to deduce that for y∞ of
norm |y∞| = Ny∞ = 1/DK (for instance), we for some constant κ > 0 (in fact κ = 25/512) the estimate
|y∞|
− 12 ρφjθA,0(y∞) =
ρφj (OF )
wK
· L(1, ωηξ2) ·
L1(1, Sym
2 π ⊗ ξ)
L1(2, ωξ2)
+Opi⊗ξ,F (|y∞|
κ) .
In particular, the constant term is seen to be nonvanishing, and to converge to the stated leading term.
Using that the coefficient ρφjθA,0(y∞) is smooth and of moderate growth as a function of y∞, we argue that
lim
Ny∞→0
|y∞|
− 12 ρφjθA,0(y∞) =
ρφj (OF )
wK
· L(1, ωηξ2) ·
L1(1, Sym
2 π ⊗ ξ)
L1(2, ωξ2)
.
Equivalently, for Y∞ ∈ F
×
∞ an archimedean idele (as in our previous notations), we argue that
lim
NY∞→∞
|Y∞|
1
2 ρφjθA,0
(
1
Y∞
)
=
ρφj (OF )
wK
· L(1, ωηξ2) ·
L1(1, Sym
2 π ⊗ ξ)
L1(2, ωξ2)
.
Using Abel summation, we then argue in the notations of the integral presentation (13) above that
lim
NY∞→∞
|Y∞|
1
2
∑
m⊂OF
m6={0}
ωηξ2(m)
Nm2
ρφjθA,0
(
m2
Y∞
)
=
ρφj (OF )
wK
· L(1, ωηξ2) ·
L1(1, Sym
2 π ⊗ ξ)
L1(2, ωξ2)
.
Note that we could also deduce claim by expressing the average DA(π, χ) as we do in terms of the constant
coefficients ρφθA,0, the substituting the estimates derived above for the b = 0 and b 6= 0 terms. Either way,
the second claim is easy to deduce from this estimate. To prove such an estimate without recourse to the
shifted convolution estimates described above for the b 6= 0 contributions, whose corresponding error terms
again depends on the conductor of π ⊗ ξ, we can estimate the Epstein-like expansion (15) of ρφjθA,0(y∞)
directly as follows. Fix an archimedean idele y ∈ F×∞, and consider the expansion
|y∞|
− 12 ρφjθA,0(y∞) =
ρφj (OF )
wK
∑
a,b∈OF
fA(a,b)6=0
λpi⊗ξ(fA(a, b))
N(fA(a, b))
1
2
Vj (N(fA(a, b)y∞)) .
An easy contour argument in the style of Lemma 2.5 above shows that the b = 0 terms can be estimated as
|y∞|
− 12 ρφjθA,0(y∞)|b=0 =
ρφj (OF )
wK
∑
a 6=0∈OF
λpi⊗ξ(fA(a, 0))
N(fA(a, 0))
1
2
Vj (N(fA(a, 0)y∞))
=
ρφj (OF )
wK
·
{
L1(1,Sym
2 pi⊗ξ)
L1(2,ξ2)
+OA(|y∞|
A) for any A ≥ 0 if 0 < |y∞| < 1
OC
(
|y∞|
−C
)
for any C > 0 if |y∞| ≥ 1.
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On the other hand, to estimate the remaining b 6= 0 contributions, we first expand out contours
|y∞|
− 12 ρφjθA,0(y∞)|b6=0 =
ρφj (OF )
wK
∑
a,b∈OF
b6=0
λpi⊗ξ(fA(a, b))
N(fA(a, b))
1
2
Vj (N(fA(a, b)y∞))
ρφj (OF )
wK
∑
a,b∈OF
b6=0
λpi⊗ξ(fA(a, b))
N(fA(a, b))
1
2
∫
ℜ(s)=2
k(s)
s
λ∞,j(s+ 1/2)
γ∞,j(1/2)
(fA(a, b)|y∞|)
−s ds
2πi
.
Now, we can open up the contribution of the quadratic form fA in this latter expression and shift contours to
the right to derive the upper bound OC((DK |y∞|)
−C) for any choice of C > 0 as DK |y∞| → ∞. This allows
us to enhance the region of rapid decay from |y∞| → ∞ to DK |y∞| → ∞, i.e. so that such a bound holds
for any y∞ in the region |y∞| > D
−1
K . Putting this together with the estimate for the b = 0 contribution, we
see that for y∞ in the region D
−1
K < |y∞| < 1, we have for any choices of A ≥ 1 and C > 0 the estimate
|y∞|
− 12 ρφjθA,0(y∞) =
ρφj (OF )
wK
·
L1(1, Sym
2 π ⊗ ξ)
L1(2, ξ2)
+OA(|y∞|
A) +OC((DK |y∞|)
−C).
Taking y∞ with |y∞| = D
− 12
K (for instance) then gives us for any choice of C > 0 the estimate
|y∞|
− 12 ρφjθA,0(y∞) =
ρφj (OF )
wK
·
L1(1, Sym
2 π ⊗ ξ)
L1(2, ξ2)
+OC(D
−C
K ),
from which we deduce that the coefficient converges to the stated leading term for DK sufficiently large. The
stated estimate for DA(Π, χ) is then deduced in the same way as via the shifted convolution estimates. 
Putting these two results together with Lemma 2.4, we derive the following main estimate:
Theorem 2.9. Keep the setup of Theorem 2.8 above, writing Y = c(π × ρχ ◦N)
1
2 = DKNc(π)p
2d(α+β) to
denote the square root of the conductor for the underlying family of L-functions L(s, π × ρχ ◦N). We have
for each class A ∈ C(α) the following estimate for the sum DA,j(π, χ) defined in (8) above: For some κ > 0,
DA,j(π, χ) =
ρφj (OF )
wK
· L(1, ωηχ2 ◦N) ·
L1(1, Sym
2 π ⊗ χ ◦N)
L1(2, ωχ2 ◦N)
+O
(
Y −κ
)
.
Here again, the error term depends on the conductor of π ⊗ (χ ◦ N) unless we assume that the absolute
discriminant DK is sufficiently large. We derive from this the corresponding estimate
Gα(π, χ;x) =
ρφ1(OF )
wK
· L(1, ωηχ2 ◦N) ·
L1(1, Sym
2 π ⊗ χ ◦N)
L1(2, ωχ2 ◦N)
+
ρφ2(OF )
wK
· ǫ(1/2, π × ρχ2 ◦N) · L(1, ωηχ2 ◦N) ·
L1(1, Sym
2 π˜ ⊗ χ ◦N)
L1(2, ωχ
2 ◦N)
+O
(
Y −κ
)
for the average Gα(π, χ;x), where again the root number
ǫ(1/2, π × ρχ2 ◦N) =
ω(pαpβOF )η(dc(π))χ
2 ◦N(dc(π))ǫ(1/2, π)τ(ηχ2 ◦N)4
N(DpβOF )2
does not depend on the choice of ring class character ρ.
Proof. The first claim follows directly from Lemma 2.5 and Theorem 2.8. Lemma 2.4 then implies the second
claim. Here, we use that the average is weighted and that the leading terms are independent of the choice
of class A ∈ C(α). Note as well we could also argue directly following the argument of Theorem 2.8 (ii). 
Corollary 2.10. Given sufficiently large integers α ≥ x≫ 1, there exists a ring class character ρ ∈ C(α)∨
of exact order px for which the corresponding central value L(1/2, π × ρχ ◦N) does not vanish.
Proof. The result is deduced from Theorem 2.9 via lower bounds (and hence nonvanishing) for the partial
symmetric square L-function L1(1, Sym
2 π ⊗ χ ◦N) described in (6) above. 
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2.3.1. The case of the trivial ring class character. Notice that we may also take the trivial exponent x = α = 0
in Theorem 2.9 and the conductor N(c(π)pβ) to be sufficiently large when DK ≫ 1. In particular, writing
1K to denote the trivial character of the class group C(0) = C(OK), Theorem 2.9 gives us the following
direct estimate for the central value G0(π, χ; 0) = L(1/2, π × 1Kχ ◦N) when DK ≫ 1: For some κ > 0,
L(1/2, π × 1Kχ ◦N) =
ρφ1(OF )
wK
· L(1, ωηχ2 ◦N) ·
L1(1, Sym
2 π ⊗ χ ◦N)
L1(2, ωχ2 ◦N)
+
ρφ2(OF )
wK
· ǫ(1/2, π × 1Kχ ◦N)L(1, ωηχ
2 ◦N) ·
L1(1, Sym
2 π˜ ⊗ χ ◦N)
L1(2, ωχ
2 ◦N)
+O
(
(DKNc(π)p
2dβ)−κ
)
.
Using the argument of Corollary 2.10 above, we then see that for sufficiently large exponent β of the
(primitive) Dirichlet character χ, the central value L(1/2, π×1Kχ◦N) does not vanish. Thus, decomposing
via the Artin formalism L(s, π ⊗ 1Kχ ◦N) = L(s, π ⊗ χ ◦N)L(1/2, π ⊗ ηχ ◦N), we derive the following:
Corollary 2.11. Let π be a non-dihedral cuspidal GL2(AF )-automorphic representation of conductor c(π),
and p ⊂ OF a prime ideal with underlying rational prime p, Let K be a totally imaginary quadratic extension
of F of absolute discriminant DK , and write η = ηK/F to denote the corresponding idele class character of
F . Assume that (c(π),Dp) = (D, p) = 1. If the absolute discriminant DK is sufficiently large, then for any
sufficiently large integer β ≥ 1, there exists a primitive Dirichlet character χ of conductor pβ for which the
basechage central value L(1/2, π ⊗ 1Kχ ◦N) = L(1/2, π ⊗ χ ◦N)L(1/2, π ⊗ ηχ ◦N) does not vanish.
2.3.2. Galois conjugate values. Assume now that π∞ is a holomorphic discrete series of weight k = (kj)
d
j=1
with each kj ≥ 2, in other words that π arises from a holomorphic cuspidal Hilbert modular eigenform of
“arithmetic weight k ≥ 2”, The Hecke eigenvalues λ(n) = λpi(n) are then known by a theorem of Shimura [27]
to be (totally real) algebraic numbers. Writing 〈π, π〉 to denote the Petersson norm of π, another well-known
theorem of Shimura shows [27] shows that the values
L(1/2, π ×W) =
L(1/2, π ×W)
8π2〈π, π〉
are algebraic numbers, and moreover acted upon in a natural way by σ ∈ Gal(Q/Q). More precisely, writing
Q(π) to denote the finite extension of Q obtained by adjoining the eigenvalues of π, and Q(π,W) the
finite extension of Q(π) obtained by adjoining the values of W , the values L(1/2, π ×W) lie in Q(π,W).
These algebraic values are also Galois conjugate in the sense that σ ∈ Aut(C) acts on them via the rule
σ (L(1/2, π ×W)) = L(1/2, πσ × Wσ). Here, πσ denotes the representation of GL2(AF ) obtained from
π by applying σ to its eigenvalues, and Wσ the character defined on nonzero ideals a ⊂ OK by the rule
a 7→ W(a)σ. Restricting to embeddings σ of Q(π,W) into C which fix Q(π), we obtain a Galois conjugate
family of values L(1/2, π × W), where the action fixes π but varies over Galois conjugate characters W .
When Q(π) is linearly disjoint over Q to the cyclotomic extension Q(W) obtained by adjoining the values
of W , then the (well-defined) weighted average
G[W](π) :=
1
[Q(π,W) : Q(π)]
∑
σ:Q(pi,W)→C
σ(Q(pi))=Q(pi)
L(1/2, π ×Wσ)
over all complex embeddings σ : Q(π,W)→ C which fix Q(π) consists of Galois conjugate values. It is easy
to see from this that the sum defining G[W](π) vanishes if and only if each of the summands vanishes. This
allows us to deduce the following direct consequences of Corollaries 2.10 and 2.11 above.
Theorem 2.12. Assume that π as above is a holomorphic discrete series of weight (kj)
d
j=1 with each kj ≥ 2
and conductor c(π) ⊂ OF . Fix a prime ideal p ⊂ OF with underlying rational prime p, together with a totally
imaginary quadratic extension K/F of relative discriminant D ⊂ OF . Assume that (c(π),Dp) = (D, p) = 1.
Assume as well that Q(π) is linearly disjoint over Q to the the cyclotomic tower obtained by adjoining all
p-power roots of unity Q(ζp∞) =
⋃
n≥1Q(ζpn).
(i) Fix χ a primitive Dirichlet character modulo pβ for some integer β ≥ 1. Then for each sufficiently
large integer x ≤ dα, there exists a ring class character ρ of conductor pα and exact order px for
which the Galois average G[ρχ◦N](π) does not vanish, and so L(1/2, π ×W) = L(1/2, π × ρχ ◦N)
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does not vanish for W = ρχ ◦N ranging over such Hecke characters taking values in roots of unity
of exact order lcm(pβ, px).
(ii) If the absolute discriminant DK is sufficiently large, then for all but finitely many primitive Dirichlet
characters χ of p-power conductor, L(1/2, π × 1K(χ ◦N)) = L(1/2, π ⊗ ηχ ◦N)L(1/2, π ⊗ χ ◦N)
does not vanish. In particular, for all but finitely many primitive Dirichlet characters χ of p-power
conductor, the central value L(1/2, π ⊗ χ ◦N) does not vanish.
Proof. Let us start with (i). Given χ a fixed primitive Dirichlet character modulo pβ for some integer β ≥ 1,
Corollary 2.10 implies that if the integer x (and hence α) is sufficiently large, there exists a primitive ring
class character ρ of conductor pα and exact order px for which L(1/2, π × ρχ ◦N) 6= 0. Hence for any such
χ mod pβ and exponents dα ≥ x≫ 1, we can find a ring class character ρ of conductor pα of exact order px
for which G[ρχ◦N](π) 6= 0. Taking the limit with x then proves the claim. The second claim (ii) is a direct
consequence of Corollary 2.11. 
Note that this result generalizes the theorem of Rohrlich [33] to holomorphic Hilbert modular forms of
arithmetic weight k ≥ 2 in the setting where we take α = 0 = 0 corresponding to the trivial character ρ = 1K ,
i.e. after invoking the Artin decomposition L(1/2, π × 1Kχ ◦N) = L(1/2, π ⊗ χ ◦N)L(1/2, π ⊗ ηχ ◦N).
3. p-adic L-functions
Let us assume from now on that π is a holomorphic discrete series at each of weight (kj)
d
j=1 with kj ≥ 2.
We explain in this setting how to derive stronger nonvanishing results from the existence of a suitable p-adic
L-function. This can be viewed as a more efficient way of using the algebraicity theorem of Shimura [27]
(as done in Theorem 2.12 above) together with congruences to derive stronger results from the nonvanishing
of a single character twist (as supplied by Corollary 2.10 above). To ensure the existence of such a p-adic
L-function, we shall assume for simplicity that π is p-ordinary at our fixed prime p ⊂ F , i.e. that the image
of the Hecke eigenvalue λ(p) = λpi(p) under our fixed embedding Q→ Qp is a p-adic unit.
3.1. Some background. Let us first establish some background notions required to prove our main result.
3.1.1. Iwasawa algebras. Let O be a finite extension of Zp, G a profinite group, and O[[G]] = lim←−U⊂G
O[G/U ]
its O-Iwasawa algebra. The limit here runs over open normal subgroups U ⊂ G. Note that if G is abelian
and finitely generated, then the elements L of O[[G]] can be viewed as O-valued measures dL on G.
3.1.2. Choice of profinite group G. Let us henceforth consider the profinite group defined by
G = lim
←−
α,β
C(Opα)× (Z/p
βZ)×.
This abelian group has the following Galois theoretic characterization. Composing with the Artin reciprocity
map recK gives us for each integer α ≥ 0 an identification
recK : C(Opα) ∼= Ωα := Gal(K[p
α]/K),
where K[pα] denotes the ring class extension of conductor pα of K. The torsion subgroup Ω0 = Ωtors of
Ω := lim
←−
α
Ωα
is a finite group (see e.g. [7, §2]), and the quotient Ω of Ω by Ω0 is isomorphic as a topological group to Z
δ
p,
where δ = δp = [Fp : Qp] is the residue degree of p. On the other hand, let us for each integer β ≥ 0 write
Γβ to denote the Galois group Gal(K(ζpβ )/K), where K(ζpβ ) is the extension obtained from K by adjoining
a primitive pβ-th root of unity ζpβ . The corresponding limit
Γ = lim
←−
β
Γβ
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is isomorphic as a topological group to Z×p , and hence its torsion subgroup Γ0 = Γtors is also finite. Let us
write Γ to denote the quotient of Γ by Γ0, so that Γ is isomorphic as topological group to Zp. Writing
K(p)∞ =
⋃
α,β≥0
K[pα]K(ζpβ )
to denote the compositum of the extensions K[pα] and K(ζpβ ), the reciprocity map gives an identification
recK : G −→ Gal(K
(p)
∞ /K) = Ω × Γ = lim←−
α,β≥0
Ωα × Γβ .
Let us now write G ≈ Zδ+1p to denote the quotient of G modulo its finite torsion subgroup G0 = Gtors.
We can then describe our choice of G in terms of the following tower of Galois extensions:
F
K
D∞ Kcyc
K∞
K[p∞] =
⋃
α≥0K[p
α] K(ζp∞) =
⋃
β≥0K(ζpβ )
K
(p)
∞
Ω ≈ Zδp
Ω0
Gal(K
(p)
∞ /K[p∞]) ≈ Γ ≈ Γ× Γ0
Γ ≈ Zp
Γ0
Gal(K
(p)
∞ /K(ζp∞)) ≈ Ω ≈ Ω× Ω0
G0
G ≈ Z1+δp
We now consider the corresponding O-Iwasawa algebra O[[G]] ≈ O[G0][[G]]. Here, we have an injection
O[[G]] −→
⊕
W0∈G∨0
O[[G]], λ 7−→ (W0(λ))W0∈G∨0 ,(16)
where the sum runs over characters W0 = ρ0ψ0 = ρ0(χ0 ◦N) of the torsion subgroup G0, and each W0(λ)
denotes the specialization of the given element λ ∈ O[G]] to the characterW0 of G0, but not to any character
of G ≈ Ω × Γ ≈ Zδ+1p . Thus, each W0(λ) denotes a genuine element of the Iwasawa algebra O[[G]] rather
than simply a value in O. Note that when G0 has order prime to p, this injection (16) is also a surjection.
3.1.3. Relation to formal power series. Taking G = Gal(K∞/K) ≈ Ω × Γ ∼= Z
δ+1
p as above, we view the
corresponding O-Iwasawa algebra O[[G]] as a multivariable power series ring in the following standard way.
Let r ≥ 2 denote the integer defined by r = δ + 1 = [Fp : Qp] + 1. Fixing a system of topological generators
γ1, . . . γδ of Ω and γr of Γ, we have an isomorphism to the formal power series ring O[[T1, . . . , Tr]] in r
indeterminates T1, . . . , Tr given by
O[[G]] ≈ O[[Ω× Γ]] −→ O[[T1, . . . , Tr]], (γ1, . . . , γr) 7−→ (T1 + 1, . . . , Tr + 1).(17)
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3.1.4. Weierstrass preparation theorem. Let R be any complete local ring (e.g. R = O[[T ]]) with maximal
ideal mR, and fix a uniformizer ̟R of R. Consider the formal power series ring R[[T ]] in the indeterminate
T . Recall that a polynomial g(T ) in R[T ] is said to be distinguished (or Weierstrass) if it takes the form
g(T ) = T n + bn−1T
n−1 + . . .+ b0
for some integer n ≥ 1, with each coefficient bi lying in the maximal ideal mR.
Proposition 3.1 (Weierstrass preparation theorem). Let h(T ) =
∑
j≥0 ajT
j be an element of the formal
power series ring R[[T ]]. If h(T ) is not identically zero, then it can be expressed uniquely as the product
h(T ) = u(T )g(T )̟µRR
of some unit u(T ) in R[[T ]] times some distinguished polynomial g(T ) in R[T ] times some integer power
µR ≥ 0 of the fixed uniformizer ̟R of R.
Proof. The result is standard, see e.g. [19, Ch. IV, Theorem 9.2]. 
Given a nonzero element h(T ) = u(T )g(T )̟µRR of a formal power series ring R[[T ]] as above, the degree
of the distinguished polynomial g(T ) is known as the Weierstrass degree of h(T ), and the positive integer
µ = µR as the µ-invariant. Note that this Weierstrass degree can also be characterized as the least integer
j ≥ 0 for which the coefficient aj in the power series expansion h(T ) =
∑
j≥0 ajT
j ∈ R[[T ]] is a unit in R.
3.1.5. Multivariable p-adic L-functions. Fix O a finite extension of Zp containing the Hecke eigenvalues of
π. Recall that for W a Hecke character of K, a well-known theorem of Shimura [27] shows that the values
L(1/2, π ×W) =
L(1/2, π ×W)
8π2〈π, π〉
(18)
are algebraic, and moreover that they lie in the finite extension of Q defined by the compositum of the Hecke
field Q(π) with the cyclotomic extension Q(W) of Q obtained by adjoining the values of the character W .
Let us all fix an embedding of Q→ Qp, so that the algebraic values (18) can be viewed as elements of Qp.
Theorem 3.2 ([8], [12], [13], [30], [25], [42]). Assume that π is associated to a holomorphic p-ordinary
Hilbert modular form of arithmetic weight k ≥ 2. There exists a measure Lp = Lp(π) ∈ O[[G]] such that for
any nontrivial finite-order character W of G, we have the interpolation formula
W(Lp) = η(π,W) · L(1/2, π ×W) ∈ Qp.(19)
Here, η(π,W) is some algebraic number which does not vanish so long as p does not divide the conductor of
π, and W(Lp) =
∫
GW(σ)dLp(σ) denotes the specialization of the measure Lp to the character W.
Proof. See the construction of Haran [12]. See also the less general constructions of Panchishkin [30, §2,
Main Theorem], Dabrowski [8], Hida [13], and Perrin-Riou [25, §5.1]. 
Remark In the cited works of Hida and Perrin-Riou, this element Lp ∈ O[[G]] is constructed as a system
of measures on the cyclotomic Galois groups Γ (α) = lim
←−β≥0
Γ
(α)
β defined by
Γ
(α)
β := Gal(K[p
α](ζp∞)/K[p
α]) = lim
←−
β≥0
Gal(K[pα](ζpβ )/K[p
α]),
where K[pα](ζpβ ) denotes the extension obtained by adjoining to the ring class field K[p
α] a primitive pβ-th
power root of unity. In other words, Lp is constructed as a system {L
(α)
p }α≥0 ∈ O[[Γ
(α)]] of measures L
(α)
p
on the profinite groups Γ (α), and these can be thought of as one-variable power series in the obvious way.
3.2. Power series expansions. Let Lp ∈ O[[G]] be the p-adic L-function of Theorem 3.2 above. Fix a
character W0 of the finite torsion subgroup G0, and consider the corresponding partially-specialized p-adic
L-function W0(Lp) ∈ O[[G]]. Let us then write Lp(W0;T1, · · · , Tr) ∈ O[[T1, . . . , Tr]] to denote the image
of W0(Lp) under the non-canonical isomorphism (17). Recall that we label the indeterminates here so that
T1, . . . , Tδ denote the anticyclotomic variables corresponding to a fixed system γ1, . . . , γδ of generators of
the anticyclotomic Galois group Ω ≈ Zδp, and Tr = Tδ denotes the cyclotomic variable corresponding to a
fixed generator γr = γδ+1 of the cyclotomic Galois group Γ ≈ Zp. We now consider expansions of the p-adic
L-function Lp(W0;T1, . . . , Tr) is each Tj. Let P denote the maximal ideal of the (complete local) ring O.
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3.2.1. Expansion in the cyclotomic variable. Let us now expand the p-adic L-function Lp(W0;T1, . . . , Tr) in
the cyclotomic variable Tr. Hence, writing k ∈ {0, 1} to denote the integer for which the anticyclotomic root
number ǫ(1/2, π×ρ) = (−1)k for all almost all characters ρ of Ω (cf. [39] and [7, §1]), we have the expansion
Lp(W0;T1, · · · , Tr) =
∑
j≥k
aj(T1, . . . , Tδ)T
j
r ∈ O[[T1, · · · , Tδ]][[Tr]].(20)
Proposition 3.3 (Least nonvanishing criterion via the cyclotomic variable). Let W0 be any character of the
finite torsion subgroup G0 = Gtors. Assume that ordP(Lp(W0; 0, . . . , 0, Tr)) = 0. Let us also assume that for
some character W =W0Ww =W0ρwψw factoring through G ≈ G0×Ω×Γ, we know that L(1/2, π×W) 6= 0,
or equivalently that W(Lp) = Lp(W0; ρw(γ1) − 1, . . . , ρw(γδ) − 1, ψw(γr) − 1) 6= 0. Then, there exists a
minimal exponent β0 ≥ 0 such that for all characters ψw of the cyclotomic Galois group Γ of exact order p
β
with β ≥ β0, the central value L(1/2, π×W0ρwψw) does not vanish for any character ρw of the anticyclotomic
Galois group Ω.
Proof. See [39, Proposition 3.1 (i)], the same idea applies here. Using the Weierstrass preparation theorem,
we deduce from the nonvanishing hypothesis that Lp(W0, T1, . . . , Tr) has a finite Weierstrass degree w(Tr)
in Tr. Assuming as we do that ordP(Lp(W0; · · · , 0, Tr)) = 0, this latter fact has the following consequence
for the power series expansion (20): There exists a least integer j0 ≥ k such that aj0(T1, · · ·Tδ) is a unit in
O[[T1, · · · , Tδ]]. Since units never specialize to zero, we deduce that there exists a least integer β0 = β0(w(Tr))
(depending on the Weierstrass degree w(Tr)) such that for all characters ψw of Γ of exact order p
β with
β ≥ β0, we have Lp(W0; ρw(γ1)− 1, · · · , ρw(γδ) − 1, ψw(γr)− 1) 6= 0 for all characters ρw of Ω. This latter
assertion is equivalent to the stated claim. 
Corollary 3.4. Assume that the non-dihedral cuspidal GL2(AF )-automorphic representation π is p-ordinary,
and also that p does not divide its level c(π). Fix a character W0 of the torsion subgroup G0 = Gtors, and
assume that the cyclotomic analytic µ-invariant of the corresponding p-adic L-function W0(Lp) ∈ O[[G]]
vanishes. Then, there exists a minimal exponent β0 ≥ 0 such that for all characters ψw of the cyclotomic
Galois group Γ of exact order pβ with β ≥ β0, the central value L(1/2, π×W0ρwψw) does not vanish for any
character ρw of the anticyclotomic Galois group Ω.
Proof. Use the result of Corollary 2.10 as input for the argument Proposition 3.3. 
3.2.2. Specialization in the anticyclotomic variables. Let us now fix an index 1 ≤ l ≤ δ, and consider the
expansion of Lp(W0;T1, . . . , Tr) in each anticyclotomic variable Tl:
Lp(W0;T1, . . . , Tr) =
∑
i≥0
bi(T1, . . . , Tl−1, Tl+1, · · · , Tδ)T
i
l ∈ O[[T1, . . . , Tl−1, Tl+1, · · · , Tδ]][[Tr]].(21)
Proposition 3.5 (Least nonvanishing criterion via the anticyclotomic variable). Let W0 be any character
of the torsion subgroup G0 = Gtors. Assume that ordP(Lp(W0; 0, . . . , 0, Tl, 0, . . . , 0)) = 0 for each index
1 ≤ l ≤ δ. Let us also assume that for some character W = W0Ww = W0ρwψw factoring through G, we
know that L(1/2, π×W) 6= 0, or equivalently thatW(Lp) = Lp(W0; ρw(γ1)−1, . . . , ρw(γδ−1), ψw(γr)−1) 6= 0.
Then, there exists a minimal exponent α0 ≥ 0 such that for all characters ρw of the anticyclotomic Galois
group Ω of exact order pα with α ≥ α0, the central value L(1/2, π × W0ρwψw) does not vanish for any
character ψw of the cyclotomic Galois group Γ.
Proof. We apply the same argument as given for Proposition 3.3 in each anticylotomic indeterminate Tl.
In this way, we deduce that for each index 1 ≤ l ≤ δ, there exists a minimal exponent α0(l) such that
Lp(W0; ρw(γ1)− 1, · · · , ρw(γδ)− 1, ψw(γr)− 1) 6= 0 for all characters ρw of Ω of exact order p
α for α ≥ α0(l)
and all characters ψw of Γ. Taking α0 = max1≤l≤δ α0(l) then proves the claim. 
Corollary 3.6. Assume that the non-dihedral cuspidal GL2(AF )-automorphic representation π is p-ordinary,
and also that p does not divide its conductor c(π). Fix a character W0 of the torsion subgroup G0 = Gtors, and
assume that the anticyclotomic analytic µ-invariant of the corresponding p-adic L-function W0(Lp) ∈ O[[G]]
vanishes. Then, there exists a minimal exponent α0 ≥ 0 such that for all characters ρw of the anticyclotomic
Galois group Ω of exact order pα with α ≥ α0, the central value L(1/2, π ×W0ρwψw) does not vanish for
any character ψw of the cyclotomic Galois group Γ.
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Proof. Again, we use the result of Corollary 2.10 as input to deduce the claim. 
Finally, we can deduce the following unconditional result in this direction thanks to Chida-Hsieh [5].
Theorem 3.7. Assume that the non-dihedral cuspidal GL2(AF )-automorphic representation π is p-ordinary,
and that p does not divide its conductor c(π). Assume as well that c(π) is coprime to the relative discriminant
of K over F , and also that the residual Galois representation associated to π by constructions of Carayol [4],
Taylor [34], and Wiles [43] is absolutely irreducible. Fix a character W0 of the torsion subgroup G0 = Gtors.
There exists a minimal exponent α0 ≥ 0 such that for all characters ρw of the anticyclotomic Galois group
Ω ≈ Zδp of exact order p
α with α ≥ α0, the central value L(1/2, π × W0ρwψw) does not vanish for any
character ψw of the cyclotomic Galois group Γ ≈ Zp.
Proof. We use (as input for Corollary 3.6) the result of Chida-Hsieh [5, Theorem C], which implies that
ordP (Lp(W0;T1, . . . , Tδ, 0)) = 0
under the stated hypotheses on the conductor c(π) and the Galois representation associated to π. 
Appendix A. A note on the Iwasawa main conjecture for GL2 over CM fields
Let F be a totally real number field of degree d, integer ring OF , and adele ring AF . Let π be a
non-dihedral cuspidal GL2(AF )-automorphic representation of conductor c(π) and unitary central character
ω = ωpi. Let K be a totally imaginary quadratic extension of F of relative discriminant D = DK/F . Fix
a prime p | p in F of residue degree δ = δp = [Fp : Qp]. We explain in this self-contained note how to
deduce many cases of the Iwasawa-Greenberg main conjectures for π in the maximal pro-p abelian extension
of K unramified outside of p when π corresponds to a holomorphic Hilbert modular form of parallel weight
two. We then explain how to use such results together with the nontriviality of the corresponding p-adic L-
functions to derive some bounds for Mordell-Weil ranks of certain abelian varieties of GL2-type defined over
F in this Zrp-extension of K, where r = δ+1. In particular, we obtain results for the cyclotomic Zp-extension
of K without using a new Euler system construction, and hence without generalizing the construction of
Kato [18] to number fields (which remains an open problem at the time of writing).
A.1. Iwasawa main conjectures. Let us first explain how we can deduce relevant divisibilities for the
so-called r-variable Iwasawa-Greenberg main conjecture (see [42, Conjecture 1]) from various works in
the “basechange anticyclotomic variables”. Let us assume now that our π = ⊗vπv is associated to a p-
ordinary cuspidal Hilbert eigenform of parallel weight 2 and trivial nebentype character.2 We then have
by constructions of Carayol [4], Taylor [34], and Wiles [43] a representation of the absolute Galois group
ρpi : GF := Gal(Q/F ) −→ GL2(O) subject to the usual conditions so that L(s, ρpi) = L(s, π). Let us use the
setup of [42, §1], and hence assume the following
Hypothesis A.1. The following conditions are met:
(1) The fixed prime p is not ramified in F , and each prime p | p ⊂ OF splits in K.
(2) The totally imaginary quadratic extension K/F is not contained in the narrow class field of F .
(3) The residual representation ρpi of ρpi is irreducible in the sense of [42, (irred)].
(4) The O×L -valued characters giving the actions of GFp on Vp and Vp/V
+
p are distinct in the sense of
[42, (dist)]. Hence according to [42, §1.1], for each prime p | p ⊂ OF , the restriction of ρpi to the
decomposition group GFp ≈ Gal(Qp/Fp) is isomorphic to some upper triangular representation Vp
admitting a distinguished one-dimensional subspace V +p with proscribed Galois action. Fixing L a
finite extension of Qp which is sufficiently large to contain the Hecke field Q(π), we assume this
condition on the O×L -valued characters giving the actions of GFp .
Let K∞ denote the Z
r
p-extension of K, this being the compositum of the anticyclotomic Z
δ
p-extension of
K with the cyclotomic Zp-extension of K. In general, for each prime p dividing p in OF , we can associate
to the Galois representation ρpi = V a Selmer group Sel(π,K∞). In the setting where π is associated to an
abelian variety A/F (as described below), this coincides with the classical p-primary Selmer group of A over
K∞. The first part of the Iwasawa-Greenberg main conjecture for GL2 over K asserts that the Pontryagin
2Note that we also could consider the more general setting described in [42, Conjecture] here, but at the expense of clarity.
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dual X(π,K∞) of Sel(π,K∞) has the structure of a finitely generated torsion O[[G]]-module, in which case
it has a characteristic power series. Let us write char(X(π,K∞)) = charO[[G]](X(π,K∞)) ∈ O[[G]] to
denote this characteristic power series. Now, we know thanks to various constructions (among them the
one given in [42], see also [8], [9], [12], [14], and [30]) that there exists for each p | p a p-adic L-function
Lp(π,K∞) ∈ O[[G]]. The main conjecture for GL2 over K then posits that we have an equality of principal
ideals (Lp(π,K∞)) = (char(X(π,K∞))) in O[[G]].
Theorem A.2. Let p ≥ 5 be a rational prime, and let π = ⊗vπv be a cuspidal automorphic representation
of GL2(AF ) associated to a Hilbert modular eigenform of parallel weight 2, level c(π), and trivial nebentype
character satisfying Hypothesis A.1 above. Writing c(π)+c(π)− to denote the decomposition of c(π)OK into
a product of split primes c(π)+ and inert primes c(π)−1, let us also assume (5) that c(π)− is the squarefree
product of a number of primes v ⊂ OF congruent to dmod 2, hence the corresponding root number ǫ ∈ {±1}
of L(s, πK) is +1. As well, let us assume (6) that the residual representation ρpi is ramified at each prime
v | c(π)− ⊂ OF , and (7) that the following technical conditions are met:
(A) The restriction ρpi|F (ζp) of ρpi to the field F (ζp) obtained by adjoining a primitive p-th root of unity
ζp to F is absolutely irreducible.
(B) The following case is excluded when p = 5: the projective image J of ρpi is isomorphic to PGL2(Fp),
and the mod p cyclotomic character factors through GF −→ J
ab ≈ Z/2Z.
(C) There is a minimal modular lifting of ρpi.
(D) Ihara’s lemma for Shimura curves over totally real number fields is true; see [36, Hypothesis 11.5].
(E) For each finite place v of F , if ρpi|IFv is absolutely irreducible, then the cardinality of the residue field
at v is not congruent to −1modp.
(F) The completed character group associated to the residual representation ρpi satisfies the multiplicity
one condition of [36, Hypothesis 11.5].
Then, the r-variable main conjecture is true: We have that (Lp(π,K∞)) = (char(X(π,K∞))) in O[[G]].
Proof. The result can be derived from the purely algebraic argument of [37, Proposition 4.3], which carries
over with only minor changes to deal with the more general setting of δ > 1 (and is otherwise the same),
along with the theorems of Xin Wan [42, Theorem 3], Longo [20, Theorem 1.5], and [36, Theorem 1.2]. To
be more precise, putting together [42, Theorem 3] with [20, Theorem 1.5] shows the anticyclotomic main
conjecture, i.e. (a) that we have an equality of principal ideals (Lp(π,K∞)|Ω) = (char(X(π,K∞)|Ω)) in
O[[Ω]]. Writing Kn for an integer n ≥ 1 to denote the degree-p
n extension of K contained in Kcyc as above,
with Ω(n) = Gal(KnD∞/Kn) ≈ Z
δ
p the corresponding anticyclotomic Galois group, we obtain from [36,
Theorem 1.2] (b) that for each n ≥ 1, there is an inclusion of ideals (Lp(π,K∞)|Ω(n)) ⊆ (char(X(π,K∞)|Ω(n)))
in O[[Ω(n)]]. Using (a) and (b) as input for [37, Proposition 4.3], we deduce that we have an inclusion of
ideals (Lp(π,K∞)) ⊆ (char(X(π,K∞))) in O[[G]]. The other inclusion is the proven in [42, Theorem 3]. 
A.2. Applications to Mordell-Weil ranks. Continuing with the discussion above, let us again write
Q(π) to denote the Hecke field of π. It is conjectured and known in many cases that one can associate to π
an abelian variety A = Api over F (defined uniquely up to isogeny) for which the following properties hold:
(i) The dimension of A equals the degree of the Hecke field of π, i.e. dim(A) = [Q(π) : Q].
(ii) The ring of endomorphisms of A is given by the integers of the Hecke field of π, i.e. EndF (A) = OQ(pi).
(iii) The Hasse-Weil L-function L(s, A/F ) of A over F is described (Euler factor for Euler factor) in
terms of the finite part L(s, π) of the standard L-function of π by the relation
L(s− 1/2, π) = ΓC(s)L(s, A/F ), where ΓC(s) := 2(2π)
−1Γ(s).
The first two conditions (i) and (ii) indicate that A/F is of GL2-type, and also of strict GL2-type in the
sense of [44, §3.2]. Let X(A/K∞) denote the Tate-Shafarevich group of A over K∞, with X(A/K∞)[p
∞]
its p-primary subgroup. Using the Kummer exact sequence
0 −→ A(K∞)⊗Qp/Zp −→ Sel(π,K∞) −→X(A/K∞)[p
∞] −→ 0
together with the interpolation property satisfied by Lp(π,K∞) (described in Theorem 3.2 above) we can
derive the following immediate result from Theorem A.2. Given a finite-order characterW of G, let us write
π(W) to denote the corresponding induced representation of GL2(AF ), and also L(s, π×W) = L(s, π×π(W))
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to the denote the corresponding GL2(AF ) × GL2(AF ) Rankin-Selberg L-function of π times π(W). This
L-function has a well-known analytic continuation by Jacquet [16] and Jacquet-Langlands [17], and satisfies
a functional equation relating values at s to 1−s, so that s = 1/2 is the centre of symmetry. That is, s = 1/2
here corresponds to the value at s = 1 of the Hasse-Weil L-function in the classical normalization.
Corollary A.3. Assume the conditions of Theorem A.2. If for some finite-order character W of G the
central value L(1/2, π ×W) = L(1/2, π × π(W)) does not vanish, then the W-isotypical components of both
A(K∞) and X(A/K∞)[p
∞] are finite.
Hence, we obtain from Theorems 2.12 and 2.9 the following result.
Theorem A.4. Let p ≥ 5 be a prime, and let π = ⊗vπv be a non-dihedral cuspidal GL2(AF )-automorphic
representation attached to a Hilbert modular eigenform of parallel weight 2, level c(π), and trivial nebentype
character satisfying Hypothesis A.1. Assume the hypotheses of Theorem A.2. Assume as well that pOF does
not divide c(π), and that the Hecke field Q(π) is linearly disjoint over Q to the cyclotomic tower obtained
by adjoining all p-power roots of unity Q(ζp∞) =
⋃
n≥1Q(ζpn). Let ρ = ρw be any ring class character of
sufficiently large conductor factoring through G = Gal(K∞/K). These exists an integer β0(ρ) such that for
all characters ψ = ψw of the cyclotomic Galois group Γ = Gal(K
cyc/K) of exact order pβ with β ≥ β0(ρ),
the central value L(1/2, π × ρψ) does not vanish, and hence the corresponding ρψ-isotypical components of
both A(K∞) and X(A/K∞)[p
∞] are finite. Moreover, if the absolute discriminant DK is sufficiently large,
then this property holds for all ring class characters ρ = ρw factoring through G.
Proof. The first assertion is deduced from Theorem 2.12, using an application of the Weierstrass preparation
theorem in the cyclotomic variable of the corresponding (δp + 1)-variable p-adic L-function for each choice
of ρ. The second assertion is deduced in a similar way from the analytic estimate of Theorem 2.9, taking the
cyclotomic exponent β ≫ 1 to be sufficiently large (then applying Weierstrass preparation similarly). 
We can also deduce the following generic rank formula. Let ǫ ∈ {±1} denote the sign of the Hasse-Weil
L-function L(s, A/K) of A over K, equivalently the root number ǫ(1/2, πK) of the L-function L(s, πK) of
the basechange πK = BCK/F (π) of π to K. Let K
cyc denote the cyclotomic Zp-extension of K, with Galois
group Γ = Gal(Kcyc/K) ≈ Zp. Let D∞ denote the anticyclotomic Z
δ
p-extension of K, with Galois group
Ω = Gal(D∞/K) ≈ Z
δ
p. Let K∞ denote the compositum D∞K
cyc of these extensions, with Galois group
G = Gal(K∞/K) ≈ Z
r
p. Note that by Leopoldt’s conjecture (known for F abelian), this ought to be the
maximal Zp-extension of K which is unramified outside of p.
Theorem A.5. Let π = ⊗vπv be a non-dihedral cuspidal automorphic representation of GL2(AF ) deter-
mined by a Hilbert modular eigenform of parallel weight 2, conductor c(π), and trivial nebentype character.
Suppose that π has associated to it an abelian variety A/F satisfying conditions (i), (ii), and (iii) above.
Assume additionally that the following conditions hold: (iv) if A acquires CM after basechange to some qua-
dratic extension Kpi/F , then this extension Kpi is not contained in K∞ when ǫ = +1, (v) the level c(π) is
coprime to the relative discriminant D of K/F when ǫ = −1, and (vi) A has good ordinary reduction at all
primes above p in F . Finally, if the residue degree δ = [Fp : Qp] is greater than one, then we also assume the
conditions of Theorems A.2, 3.7, and 2.12 above (including the vanishing of the anticyclotomic µ-invariant),
and that the absolute discriminant DK is sufficiently large. Then, A(K∞) is finitely generated if ǫ = +1,
and otherwise A(K∞)/A(D∞) is finitely generated if ǫ = −1.
Proof. Note that if δ = 1, then we can use the argument of [37, Proposition 3.14] (cf. [39, §1]) to deduce the
result. In brief, this argument shows that we have the rank formula
corankO[[H]] (A(K∞)⊗Qp/Zp) =
{
0 if ǫ = +1
1 if ǫ = −1,
(22)
where O is a finite extension of Zp large enough to contain the integers of Q(π), H = Gal(K∞/K
cyc) ≈ Zδp,
and O[[H ]] is the O-Iwasawa algebra of H , in other words the completed group ring coming from O-valued
measures on H . It is easy to deduce from such a formula when δ = 1 that A(K∞) is finitely generated
when ǫ = +1, and (using the nontriviality theorem of [7, Theorem 1.15] with the formula of [44]) that
A(K∞)/A(Kp∞) is finitely generated when ǫ = −1.
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Let us suppose now that δ ≥ 2. If ǫ = −1, then the stated formula can be deduced again from the argument
of [37, Proposition 3.14], using the nontriviality theorem of Cornut-Vatsal [7, Theorem 1.15] along with the
generalizations of the Gross-Zagier formula of Yuan-Zhang-Zhang [44, Theorem 1.2] to derive a suitable
growth-of-rank formula for each of the anticyclotomic lines. To be more precise, let us for each integer
n ≥ 0 write Kn to denote the extension of degree p
n contained in the cyclotomic extension Kcyc. Consider
the anticyclotomic extension defined by the compositum KnD∞, which is contained in the anticyclotomic
Zδp
n
p -extension of Kn. Let Ω
(n) = Gal(KnD∞/Kn) ≈ Z
δ
p denote the corresponding Galois group. It is easy
to show using the arguments and results mentioned above that we have the rank formula
corankO[[Ω(n)]] (A(KnD∞)⊗Qp/Zp) = 1
for each integer n ≥ 0, where O[[Ω(n)]] denotes the corresponding Iwasawa algebra, and that passing to the
limit implies the corresponding O[[H ]]-module formula (22). Let us assume now that ǫ = +1. Fix n ≥ 0 an
integer. We can then use Nekovar [23, Theorem (A′)], fixing an auxiliary prime l and l | l in Q(π) satisfying
conditions [23, (A1′), (A2′), (A3′)], to deduce the following implication: If for any finite-order character ρ(n)
of Ω(n) (which arises as a composition with the norm ρ(n) = ρ ◦N from a character ρ of Ω(0)) the central
value
L(1/2, π(n) × ρ(n)) =
∏
ψ∈Gal(Kn/K)∨
L(1/2, π × ρψ) = L(1, A/Kn, ρ
(n))
does not vanish, then the ρ(n)-isotypical component of the Mordell-Weil group A(Kn[c(ρ
(n))]) is finite. Here,
π(n) denotes the basechange of π to the degree-pn extension of F contained in its cyclotomic Zp-extension,
with L(s, π(n)× ρ(n)) the corresponding Rankin-Selberg L-function, and the first equality denotes the Artin
decomposition into Rankin-Selberg L-functions of GL2(AF )-representations. As well, Kn[c(ρ
(n))] denotes
the ring class extension of Kn of conductor c(ρ
(n)), where c(ρ(n)) denotes the conductor of ρ(n). This allows
us to deduce from Theorem 2.12 above that
corankO[[Ω(n)]] (A(KnD∞)⊗Qp/Zp) = 0
for each integer n ≥ 0. Passing to the limit again implies the corresponding O[[H ]]-module formula (22).
Now, to deduce the stated formula for Mordell-Weil ranks in either case on the sign ε when δ ≥ 2, we argue
as follows these O[[H ]]-module formulae will suffice. Let us now impose the conditions of Theorem A.2 above.
We are then reduced (via Theorem A.4) to considering specializations of the underlying p-adic L-function
Lp(1;T1, · · · , Tδ, Tδ+1) to deduce the claim directly. Assuming the conditions of Theorem 3.7 additionally,
we then deduce that there exists a minimal anticyclotomic exponent α0 such that each character ρw of Ω of
exact order pα with α ≥ α0, the corresponding specialization Lp(1; ρw(γ1)− 1, · · · , ρw(γδ − 1, ψw(γδ+1)− 1)
does not vanish for any character ψw factoring through the cyclotomic Galois group Γ ≈ Zp. To deal with
the remaining anticyclotomic exponents ≤ α0, we apply the result of Theorem 2.9 to each character ρw of
the anticyclotomic Galois group Ω ≈ Zδp of exact order p
α with 0 ≤ α ≤ α0 to deduce the claim. 
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